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ABSTRACT

Fractal image codes are very sensitive to bit errors because the
decoding of a block is dependent not only on the code information
associated to this block but also on the code information associ-
ated to other blocks. We analyze the sensitivity of a fractal code
to transmission errors in a binary symmetric channel. We provide
two rate-distortion unequal error protection techniques that allo-
cate the code bits to protection classes in a nearly optimal way. We
give an implementation for BCH and RCPC channel codes and
show that RCPC codes are preferable. For a binary symmetric
channel bit error probability of 0.1 and a total code rate of 0.5
bpp, the loss in reconstruction quality with our best implementa-
tion was about 3.9 dB for the 512 � 512 Lenna image, yielding a
PSNR of 26.6 dB.

1. INTRODUCTION

Sending an image code through a noisy channel is a challenging
problem because a single bit error may make the reconstructed
image unacceptable. Fractal image codes [3], which consist of an
image partition into blocks and of parameters that specify an affine
similarity between the blocks in the partition and other blocks from
the same image are particularly sensitive to bit errors because an
error in a single parameter can effect the reconstruction of many
parts of the image due to the iterative nature of the decoding and
the complex dependency between the blocks. Although more than
650 papers have been dedicated to fractal image compression (see
[9]), only three considered transmission through noisy channels.
Streit and Hanzo [10] studied the sensitivity of a fractal code for
videophone applications with a mobile Rayleigh-fading channel.
They used unequal error protection (UEP) and BCH codes. How-
ever, the results were given for a poor coder based on uniform par-
titions, and the unequal error protection was not optimized. No-
vak [7] introduced a model-residual fractal coder that is more ro-
bust than the standard fractal coder. But he did not consider error
protection. Finally, Noh, Kim, and Kim [6] used an interpolation
technique for reconstructing blocks lost during the transmission
of a fractal code in broadband integrated-services digital networks
with asynchronous transfer mode protocols.

This paper is organized as follows. In Section 2, we intro-
duce our terminology. In Section 3, we analyze the sensitivity of a
quadtree-based fractal image scheme to errors in a binary symmet-
ric channel. In Section 4, we propose two rate-distortion unequal
error protection techniques based on discrete Lagrangian optimiza-
tion. In Section 5, we compare unequal error protection to equal
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error protection for BCH and RCPC channel codes. In the last
section, we discuss the results and suggest future work.

2. FRACTAL CODING

In fractal compression, the encoder finds a contractive image op-
eratorT whose fixed pointfT approximates the original image
f?. The decoder constructsfT as the limit offf (k)gk�0, where
f (k+1) = T (f (k)) andf(0) is an arbitrary initial image. The op-
eratorT is given by a partition of the image supportI into nR
disjoint square blocks calledranges and byfractal parameters as-
sociated to each rangeRi; 1 � i � nR, and consisting of

� a square block (domain) Dji 2 fD1; : : : ; DnDg � I,

� an isometry of the squareIki 2 fI1; I2; : : : ; I8g,

� a scaling factor sli 2 fs1; : : : ; snsg � (�1; 1);

� and anoffset omi
2 fo1; : : : ; onog � R:

The parametersDji ; Iki ; sli ; andomi
are selected from their re-

spective sets such that

cRi = sliIkiAiDji + omi
1 (1)

is the bestl2 approximation ofRi. HereB denotes the array of
pixel intensities off? in B � I, the operatorAi downsamples
Dji via pixel averaging to match the range size, and1 is the block
with intensity 1 at every pixel. Using the method of least squares,
the optimal nonquantized scaling factor and offset associated to a
domainD and an isometryI are

s =
jRijhC;Rii � jRij

2�(D)�(Ri)

jRijhC;Ci � �(D)2
(2)

and
o = �(Ri)� s�(D): (3)

Here jRij is the number of pixels inRi, C = IAiD, �(B) de-
notes the mean ofB; and h; i denotes the inner product. The
error

PnR
i=1 kRi � cRik

2
2 is calledcollage error. The code for

the original image consists of bits for the image partition and bits
for the indices of the fractal parameters. The decoder constructs
fT = limk!1 f (k) by

R
(k+1)
i = sliIkiAiD

(k)
ji

+ omi
1; 1 � i � nR;

whereR(k+1)
i (respectivelyD(k)

ji
) is the array of pixel intensities

of f (k+1) in Ri (respectively off(k) in Dji ). The reconstruction
errord = kf? � fT k

2
2 is called theattractor error.
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Fig. 1. PSNR for the 512� 512 Lenna image at 0.1 BER and
source rate 0.21 bpp. Each box gives the PSNR when only one of
the 29 bits in each range is subject to corruption.

3. BIT SENSITIVITY ANALYSIS

We used Fisher’s quadtree coder [4], which we modified according
to Øien’s orthogonalization technique [8]. Thus, the approxima-
tion (1) was replaced by

cRi = sliIkiAi(Dji � �(Dji)1) + omi
1: (4)

Now the optimal nonquantized offset is�(Ri), and the optimal
nonquantized scaling factor and optimal collage error are the same
as in the usual case. This yields a more robust code because in
contrast to equation (3), errors in the scaling factor do not affect
the mean of a reconstructed block.

The scaling factor and the offset were uniformly quantized
with 32 and 128 quantization levels, respectively, and their indices
were encoded with five and seven bits, respectively. The isometry
index was encoded with three bits. The smallest range size was 8�

8, and the largest range size was32� 32. For each2n� 2
n range,

the candidate domains consisted of the2
n+1

� 2
n+1 blocks of

the image whose upper-left pixels are situated on locations(i; j),
wherei � 0 (mod 4) andj � 0 (mod 4). Thus, the domain
index was encoded with 14 bits for images of size 512� 512. This
yields a total of 29 bits per range. In Fisher’s original coder, if the
optimal scaling factor for a range is equal to zero, then no domain
and isometry bits are sent because they are redundant. However, to
ensure synchronization in our transmission system, we must send
these bits.

We denote the part of the code associated to rangeR

by !R = s4s3 � � � s0o6o5 � � � o0i2i1i0d13d12 � � � d0, where
s4s3 � � � s0; o6o5 � � � o0; i2i1i0, andd13d12 � � � d0 are the binary
representations of the scaling factor, the offset, the isometry, and
the domain indices, respectively. For each range, we corrupted
the bit at the same position in!R with a certain probability and
computed the PSNR of the reconstructed image. We did not intro-
duce errors in the bits that specify the quadtree partition because
those bits, which constitute less than 2/100 of the total code, can
be perfectly protected with a negligible increase of the bitrate. Fig-
ure 1 gives the results for the 512� 512 Lenna image and a binary
symmetric channel bit error rate (BER) of 0.1. We obtained sim-
ilar results for other BERs and other images. Figure 2 shows the
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Fig. 2. PSNR vs. BER in all bits of a single fractal parameter for
the Lenna image at source rate 0.21 bpp.

PSNR as a function of the BER when all the bits of only one fractal
parameter were corrupted. In both figures, each PSNR is averaged
over 50 experiments with the same BER.

The analysis shows that the different fractal parameters had
unequal importance. The most sensitive parameter was the off-
set, followed by the domain, the isometry, and the scaling factor.
Moreover, for the offset and the scaling factor, a more significant
bit of a given parameter was more sensitive than a less significant
bit. For the domain, all bits except for the two least significant
ones had about the same sensitivity. This was expected because
for the used domain pool an error in the two least significant bits
selects a domain that overlaps the original one, whereas an error in
any of the other bits selects an unrelated domain.

4. ERROR PROTECTION

Since not all ranges have the same contribution to the reconstruc-
tion error, it would be advantageous to use unequal protection of
the ranges. However, this requires overhead information, which
depends not only on the image but also on the bitrate. Moreover,
the encoder would have to wait until all ranges are encoded before
starting sending the code to the channel. Therefore, we protected
all ranges in the same way. On the other hand, the bits of the range
codeword!R were unequally protected because they do not have
the same importance.

Let C1; : : : ; Cm denotem protection classes with respective
ratesr1 < : : : < rm; where

ri =
information bits

information bits+ error protection bits
:

For a given BER our goal is to assign the bits of each range code-
word !R into the protection classes such that the expectation of
the reconstruction errord is minimum under a constraint on the
total number of protection bits, which is computed as

nR

mX
i=1

1� ri

ri
ni;

whereni is the number of a range codeword bits assigned toCi

(thus
Pm

i=1 ni = 29). Using the Lagrange multiplier method [2],



BCH UEP2
0.278 s3; s4; i0; i1; i2; o3; o4; o5; o6
0.48 d

1.0 s0; s1; s2; o0; o1; o2; d0
RCPC UEP2
0.33 s4; o4; o5; o6; i0; i1
0.36 s3; i2
0.4 o3;d

1 s0; s1; s2; o0; o1; o2; d0

Table 1. Bit allocation for UEP2 at BER 0.1, source rate 0.21 bpp,
and total rate 0.46 bpp for BCH and RCPC codes. Hered denotes
the domain bitsd1; : : : ; d13.

an optimal allocation can be found by minimizing the Lagrangian

L = Efdg+ �nR

mX
i=1

1� ri

ri
ni

over all possible allocations. To meet the constraint on the total
number of protection bits, the optimization has to be done for sev-
eral values of the Lagrange multiplier� by the bisection method.

Because the number of possible bit allocations is equal to
m5+7+3+14, it is not possible to find the optimal solution by ex-
haustive search. The complexity of the search was reduced by
minimizing the expectation of the collage error,Efcg, instead of
the expectation of the reconstruction error,Efdg, and by noting
that the collage error for rangeRi is

kRi��(Ri)1�sliIkiAi(Dji��(Dji)1)k
2
2+jRij(�(Ri)�omi

)
2
:

This approach allows us to split the Lagrangian into two indepen-
dent parts. The first part,L1, which does not include the offset
contribution, has to be minimized overm5+3+14 bit allocations,
and the second part,L2, overm7 possible allocations of the off-
set bits. But this is still too complex for practical computations.
Therefore, motivated by the sensitivity analysis of the previous
section, we made the following reasonable simplifications:

� All domain bits, with the exception ofd0, were constrained
to be in the same class.

� For a given fractal parameter, less sensitive bits were not
protected better than more sensitive bits.

We call this technique UEP1. Now the number of bit allocations
considered byL1 reduces to

�
m+4
5

��
m+2
3

��
m+1
2

�
; and the num-

ber of bit allocations considered byL2 reduces to
�
m+6
7

�
(see the

appendix for a justification). But whenm is large, this is still im-
practical. Thus, we propose a faster algorithm (UEP2) as follows.
Let d denote the domain bitsd13 � � � d1. Then UEP2 assigns pa-
rameteri 2 fs4; : : : ; s0; o6; : : : ; o0; i2; i1; i0;d; d0g of codeword
!R to a protection class independently of the other parameters. So
the index of the selected class for parameteri 6= d is

arg min
k=1;:::;m

Efdg+ �nR
1� rk

rk
; (5)

where the reconstruction errorEfdg is computed such that only
parametersi (and their protection bits) are subject to channel error.
The casei = d is similar with 1�rk

rk
in (5) replaced by13(1�rk)

rk
.

5. RESULTS

We present coding results for UEP2 with BCH(n; k; t) codes
[1] and RCPC codes [5]. For BCH codes, we definedm =

25 protection classes by setting the code lengthn to 255 and
letting the information sequence lengthk take all values in
f255; 247; 239; : : : ; 199; 191; 187; 179; : : : ; 79; 71g. We used
Berlekamp’s algorithm for the decoding. The constraint length of
the RCPC code wasK = 7, the puncturing period wasp = 8, the
generator polynomials were(G1; G2; G3) = (133; 171; 145), and
the convolutional mother code had the rate1

n
=

1
3
. This provided

the code ratesp
l
; l = p; p + 1; : : : ; np; from which we retained

them = 10 rates 8/24, 8/22, 8/20, 8/18, 8/16, 8/14, 8/12, 8/10,
8/9, and 1. The Lagrange optimization for the bit allocation was
done for BER = 0.1, whereEfdg was estimated by repeating the
computations fifty times. Table 1 shows the resulting bit alloca-
tions for the 512� 512 Lenna image at source rate 0.21 bpp and
total rate 0.46 bpp. Figure 3 compares UEP2 to equal error pro-
tection (EEP) for BCH codes. Results for RCPC codes are shown
in Figure 4. The simulations show that both EEP and UEP2 can
efficiently protect the fractal code. Moreover UEP2 was much bet-
ter than EEP. Figure 5 compares BCH and RCPC channel codes.
RCPC codes were superior to BCH codes.

Table 2 shows the PSNR degradation versus channel error for
UEP2 optimized at BER 0.1 and for the scheme of Streit and
Hanzo [10]. In [10], QCIF images, Rayleigh-fading channels, 16-
level quadrature amplitude modulation, and BCH codes were used.
We show results for comparable signal to noise ratio (SNR) chan-
nel error and BER pairs.

[10] Our algorithm
SNR BCH BER BCH RCPC
15 -2 0.05 -1.48 -0.79
11 -9 0.06 -2.13 -0.96
10 -12 0.075 -5.4 -1.43

Table 2. Comparison of PSNR degradation in dB for the scheme
in [10] (source rate 0.28 bpp, total rate 0.51 bpp) and UEP2 (source
rate 0.21 bpp, total rate 0.5 bpp).

6. CONCLUSION

Although fractal image codes are very sensitive to bit errors, we
showed that they can be efficiently protected by unequal error
protection with RCPC channel codes. We proposed two rate-
distortion unequal error protection algorithms that try to minimize
the expectation of the reconstruction error subject to a constraint
on the total number of protection bits. Because the partition bits
should be perfectly protected, our technique is efficient only when
these bits form a small amount of the total code.

Future work will include joint source-channel coding, which
can improve our results considerably. For example, for the 512�

512 Lenna image and RCPC codes, the PSNR was 25.42 dB at
source rate 0.21 bpp, total rate 0.46 bpp, and BER 0.1. But for the
same total rate and BER, we obtained a PSNR of 27 dB for source
rate 0.16 bpp by a slight adjustment of the optimal bit allocation
found for 0.21 bpp.
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Fig. 3. PSNR vs. total rate for the 512� 512 Lenna image at
source rate 0.21 bpp and BER 0.1. BCH channel codes were used.
EEP corresponds to equal error protection.
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Fig. 4. PSNR vs. total rate for the 512� 512 Lenna image at
source rate 0.21 bpp and BER 0.1. RCPC codes were used. EEP
corresponds to equal error protection.
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Fig. 5. BCH vs. RCPC codes for UEP2 at various total bitrates for
the 512� 512 Lenna image at source rate 0.21 bpp and BER 0.1.

7. APPENDIX

Let f(m;n) be the number of possible allocations of the bits of
codewordbn�1 � � � b1b0 into m classesC1; C2; : : : ; Cm such that
for i < j bit bi is not protected better than bitbj . Thenf(m;n) =�
m+n�1

n

�
.

Proof. We prove the result by induction onn. We havef(m; 1) =

m =

�
m

1

�
. We assume now that the result holds forn and prove it

for n + 1. The total number of bit allocations is equal to the sum
of the bit allocations where the most sensitive bit is fixed in one of
the classes. Thus,

f(m;n+ 1) =

mX
k=1

f(k; n) =

mX
k=1

 
k + n� 1

n

!
=

 
m+ n

n+ 1

!
:
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