
           

AcceleratingFractal ImageCompression
by Multi-Dimensional NearestNeighbor Search
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Abstract: In fractal imagecompressiontheencodingstepis computationallyexpensive. A large
numberof sequentialsearchesthroughalist of domains(portionsof theimage)arecarriedoutwhile
tryingtofindabestmatchfor anotherimageportion.Ourtheorydevelopedhereshowsthatthisbasic
procedureof fractalimagecompressionis equivalentto multi-dimensionalnearestneighborsearch.
This result is useful for acceleratingthe encodingprocedurein fractal imagecompression.The
traditionalsequentialsearchtakeslineartimewhereasthenearestneighborsearchcanbeorganized
to requireonly logarithmictime. Thefastsearchhasbeenintegratedinto anexistingstate-of-the-art
classificationmethodtherebyacceleratingthesearchescarriedout in theindividualdomainclasses.
In thiscasewerecordaccelerationfactorsfrom 1.3upto 11.5dependingonimageanddomainpool
sizewith negligibleorminordegradationin bothimagequalityandcompressionratio. Furthermore,
ascomparedto plain classificationour methodis demonstratedto beableto searchthroughlarger
portionsof thedomainpoolwithout increasedthecomputationtime. In thiswaybothimagequality
andcompressionratiocanbeimprovedat reducedcomputationtime.

1 Intr oduction

With theever increasingdemandfor images,sound,videosequences,computeranimations
andvolumevisualization,datacompressionremainsa critical issueregardingthe costof
datastorageandtransmissiontimes. While JPEGcurrentlyprovidestheindustrystandard
for still imagecompressionthereis ongoingresearchin alternativemethods.Fractalimage
compressionis oneof them.

Basically, a fractalcodeconsistsof threeingredients:apartitioningof theimageregion
into portions

���
, calledranges,anequalnumberof otherimageregions � � , calleddomains

(which may overlap),and for eachdomain-rangepair two transformations, a geometric
one, � � : � ��� ���

, which mapsthe domainto the range,andan affine transformation,� � , thatadjuststhe intensityvaluesin thedomainto thosein therange.Thecollectionof
transformationsmayactonanarbitraryimage,	 , producinganoutputimage,
�	 , which is
likeacollageof modifiedcopiesof thedomainsof theimage	 . Theiterationof theimage
operator
 is thedecodingstep,i.e., it yieldsa sequenceof imageswhich convergesto an
approximationof theencodedimage.

Thetime consumingpartof theencodingstepis thesearchfor anappropriatedomain
for eachrange.Thenumberof possibledomainsthattheoreticallymayserveascandidates
is prohibitively large. For example,thenumberof arbitrarilysizedsquaresubregionsin an
imageof size� by � pixelsis of order 
���� 3 � . Thus,onemustimposecertainrestrictionsin
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thespecificationof theallowabledomains.In asimpleimplementationonemightconsider
asdomains,e.g.,only sub-squaresof a limited numberof sizesandpositions.Thisdefines
the so-calleddomainpool. Now for eachrangein the partition of the original imageall
elementsof the domainpool are inspected: for a given range

���
and a domain � the

transformations� � and � � are constructedsuchthat when the domainimageportion is
mappedinto the rangethe result � ��� ��� 1� ��� � for ��� ���

matchesthe original image
�

as
much as possible. This step(called collagecoding) usesthe well-known leastsquares
method.Fromall domainsin thepoolweselectthebestone,i.e., thedomain� thatyields
the bestleastsquaresapproximationof the original imagein the range. In otherwords,
fractalimagecodingconsistsin approximatingtheimageasacollageof transformedpieces
of itself, which canbeviewedasa collectionof self-similarityproperties.Thebetterthe
collagefits thegivenimagethehigherthefidelity of theresultingdecodedimage.

In this article we cannotexplain any further detailsand variationsof fractal image
compression. For introductory texts or reviews see,for example, [2, 4, 5, 10]. For a
bibliographicsurvey of thefield of fractalimagecompressionseeourpaper[13].

JPEGcan be termedsymmetricin the sensethat the encodingand decodingphases
requireaboutthesamenumberof operations.On thecontrary, fractal imagecompression
allowsfastdecodingbutsuffersfromlongencodingtimes.Thispaperintroducesanew twist
for the encodingprocessanddemonstratesits efficiency by a seriesof empiricalstudies.
What is the currentstate-of-the-art?During encodinga large pool of imagesubsets,the
domainpool, hasto besearchedrepeatedlymany times,which by far dominatesall other
computationsin the encodingprocess.If the numberof domainsin the pool is � , then
the time spentfor eachsearchis linear in � , 
���� � . Previous attemptsto reducethe
computationtimesemploy classificationschemesfor thedomainsbasedon imagefeatures
suchasedgesor bright spots. Thus,in eachsearchonly domainsfrom a particularclass
needto beexamined.However, this approachreducesonly thefactorof proportionalityin
the 
���� � complexity.

Themaincontributionof thispaperis thefollowing. Firstweshow thatthefundamental
searchingfor optimaldomain-rangepairsisequivalenttosolvingnearest-neighborproblems
in asuitableEuclideanspaceof featurevectorsof domainsandranges.Thedatapointsare
givenby thefeaturevectors(alsocalledmulti-dimensionalkeys)of thedomains,while the
querypoint is definedasthefeaturevectorof agivenrange.

Our applicationof this reasoningis thatwe maysubstitutethesequentialsearchin the
domainpool (or in oneof its classes)by multi-dimensionalnearestneighborsearching.
Therearewell known datastructuresandalgorithmsfor this taskwhich operatein loga-
rithmic time, 
�� log � � , a definiteadvantageover the 
���� � complexity of thesequential
search.Our implementationandempiricalstudiesshow that thesetime savings in factdo
provide a considerableaccelerationof theencodingand,moreover, allow anenlargement
of thedomainpool yielding improvedimagefidelity.

Theremainderof thispaperis organizedasfollows. In thefollowing sectionwepresent
the definition of the multi-dimensionalkeys, a theoremthat establishesthe mathematical
foundation(seealso[14, 15]), andsomepracticalcommentson the implications. Section
3 discussesour implementationof theproposedmethodandin section4 we describeour
empiricalexperimentsandtheir results.
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2 From Classificationto Multi-Dimensional Keys

The classificationof rangesand domainsserves the purposeof reducingthe numberof
domainsin the domainpool which needto be consideredasa partnerfor a given range.
Justlike in ’real life’, birdsof a featherflock together. For example,if theoriginal image
containsanedgerunningthrougharange,thendomainswhichcontainonly ’flat’ piecesof
theimagecanbesafelydiscardedwhensearchingfor agoodmatchfor thatrange.In previous
schemesdiffering numbersof classeswereusedin this way (from 3 or 4 in [9] up to 72 in
[5, 6]). Besidesclassificationothercomplexity reductionmethodsare: adaptive codebook
clustering,archetypeclassification,Rademacherfunctions,adaptive searchstrategies(see
[16] for asurvey andreferences).

Weconsiderapoint ���! #" representing$ pixel valuesin agivenrange.Let usassume
that thedomainsfrom thedomainpool have beenproperlyfilteredandsubsampled,thus,
yielding a setof � vectors��% 1 &('*)+)*)+' ��%-, & �. " (often calledcodebookblocks). We let/ ��� %-0 & ' � � denotethesmallestpossibleleastsquareserrorof anapproximationof therange
data � by an affine transformationof the domaindata ��%-0 & . In termsof a formula, this is/ ��� %-0 & ' � �21 min3*4 576*8:9;9<�>=?��@BABC�DE� %-0 &F� 9;9 2, whereA 1 1G " � 1

'+)*)+)*' 1� �! " is justaunit length

vectorwith equalcomponents.Computingtheoptimal @ , D andtheerror
/ ����%-0 &(' � � isacostly

procedure,which we have to performfor all of thedomainvectors� % 1 & '+)*)+)*' � %-, & in order
to arriveat theminimumerror, givenby min1 H 0 H ,

/ ����%-0 &F' � � . Thisstaggeredminimization
problemneedsto be solved for many querypoints � in the encodingprocess(i.e., for all
ranges).Weusethenotation$I��J ' J � for theEuclideandistanceand K�J ' J;L for theinnerproduct

in  " , thus, 9;9 ��9;9 1 $I��� ' 0�21 K�� ' �ML .
Theorem. Let $ON 2, A 1 1G " � 1

'*)+)*)+' 1� � R" and P 1 R"RQTS+U AV9 U � R W . Definethe

normalizedprojectionoperator X : P � P andthefunction � : PZY[P � \
0'*] 2̂ by

X���� �21 �_=`K�� ' AaLbA
9;9 �_=`K�� ' AaLbAc9;9 and �d��� ' � �21 min ��$I��X���� � ' X���� �e� ' $I��=�Xf��� � ' X���� �g�e� )

For � ' ����P theleastsquareserror
/ ��� ' � �21 min3*4 5h6 R 9;9<�i=.��@BAjCkDl� � 9;9 2 is givenby

/ ��� ' � �m1 K�� ' Xf��� � L 2 	n���?��� ' � �g� where 	���� �m1 � 2 � 1 =o� 2 p 4� )
Proof. Theleastsquaresapproximationof � byavectorof theform @BAqCrDl� (resp.@BAqCrDsX���� � )
is givenby theprojection

Proj��� �21 K�� ' ARLbAjC.K�� ' Xf��� � L>X���� �21 K�� ' ARLbAjC.K�� ' Xf��� � LnK�Xf��� � ' X���� � LbX���� � '
wherethe last equationis derived from � 1 K�� ' ARLbAiCtK�� ' X���� � LbX���� � (seefigure 1). The
leastsquareserrorin thisapproximationis calculatedas

/ ��� ' � �21 9;9<�u= Proj��� � 9v9 2 1 K�� ' X���� � L 2 � 1 =.K�X���� � ' X���� � L 2 � )
Since$>��w�X���� � ' Xf��� �e�21 2 � 1 x.K�X���� � ' X���� � L � wehave �?��� ' � �21 2 � 1 =.9;K�X���� � ' Xf��� � La9 � .
Solvingfor 9;K�X���� � ' X���� � LR9 andinsertingthesquareof theresultin theformulafor

/ ��� ' � �
completestheproof.
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Figure1: Illustrationof thegeometryunderlyingthetheorem.

For aninterpretationwe notethatfor given �y�z " all vectorsof theform @BA{C|DsX���� �
canbeexactlyrepresentedasalinearcombinationof � and A (with zeroleastsquareserror).
Thesevectorsform a two-dimensionalsubspaceof  " , anorthonormalbasisof which is
givenby X���� � and A . For all � in this spaceX���� � is uniqueup to choiceof thesign. Thus,
Xf��� � mayserve asa ’representative’ of this spaceandwill becomethemulti-dimensional
key for searching.

The theoremstatesthat the leastsquareserror
/ ��� ' � � is proportionalto the simple

function 	 of theEuclideandistance� betweentheprojectionsXf��� � and X���� � (or =�X���� �
and X���� � ). Thevalueof theresultis not in termsof aspeed-upof thecalculationof theleast
squareserror, but of amorefundamentalnature.Since	n��� � is amonotonicallyincreasing
function for 0 }~��} ] 2 we concludethat the minimizationof the leastsquareserrors/ ���n%-0 &(' � � for � 1 1'*)+)*)+' � is equivalentto the minimizationof the distanceexpressions
�d����%-0 &(' � � ! Thus,we may replacethe computationandminimizationof � leastsquares
errors

/ ����%<0 &(' � � by thesearchfor thenearestneighborof Xf��� � �O " in thesetof 2� vectors
w�Xf��� %-0 &F� �O " .

The problemof finding closestneighborsin Euclideanspaceshasbeenthoroughly
studiedin computerscience.For example,a methodusingkd-treesthat runsin expected
logarithmictimeispresentedin [7] togetherwith pseudocode.After apreprocessingstepto
setuptherequiredkd-tree,whichtakes
���� log � � steps,thesearchfor thenearestneighbor
of aquerypointcanbecompletedin expectedlogarithmictime, 
�� log � � . However, asthe
dimension$ increases,theperformancemaysuffer. A methodthatis moreefficient in that
respect,presentedin [1], producesaso-calledapproximatenearestneighbor.

Weconcludethissectionwith someremarksongeneralizationsandimplications.
1. In practice,thereis a limit in termsof storagefor the featurevectorsof domainsand
ranges.For example,thekeys for rangesof sizeof 8 by 8 pixelsrequire64 floatingpoint
numberseach.Thus,32K domainsfrom adomainpoolwouldalreadyfill 8 MB of memory
on a typical workstation,while we would like to work with poolsof a hundredthousand
andmoredomains.To copewith thisdifficulty, wesettlefor acompromiseandproceedas
follows. Wedown-filterall rangesanddomainsto someprescribeddimensionof moderate
size,e.g., $ 1 4 Y 4 1 16. Moreover, eachof the $ componentsof a featurevectorcan
bequantized(8 bits/numbersuffice). Thisallows theprocessingof anincreasednumberof
domainsandranges,however, with the implication that the formula of the theoremis no
longerexactbut only approximate.This,however, is not a severedisadvantageaspointed
out in thefollowing remark.

4



   

2. For agivenrangenotall domainsfrom thepoolareadmissible. Therearerestrictionson
theresultingnumberD , thecontractionfactorof theaffine transformation(e.g., 9-Dq9b� 1 in
someimplementations).This is necessaryin orderto ensureconvergenceof theiterationin
theimagedecoding.Also oneimposesboundsonthesizeof thedomain(for agivenrange
asuitabledomainshouldgenerallybelargerthantherange,but not too large). To take that
into consideration,wesearchthedomainpoolnotonly for thenearestneighborof thegiven
querypoint but alsofor, say, thenext 5 or 10 nearestneighbors(this canstill besolvedin
logarithmic time usinga priority queue). From this setof neighborsthe non-admissible
domainsarediscardedandthe remainingdomainsarecomparedusingthe ordinaryleast
squaresapproach.Thisalsotakescareof theproblemfromthepreviousremark,namelythat
theestimateby the theoremis only approximate.While thedomaincorrespondingto the
closestpoint foundmaynotbetheoptimalone,thereareusuallynear-optimumalternatives
amongtheothercandidates(seesection4).
3. Wemake two remarksconcerningmemoryrequirementsfor thekd-tree.Firstly, it is not
necessaryto createthetreefor thefull setof 2� keys in thedomainpool. Thefull kd-tree
of all 2� vectorshastwo symmetricmainbranches(separatedby acoordinatehyperplane).
Thus,it sufficestostoreonlyoneof them,whichthenneedstobesearchedtwice. Secondly,
thereissomefreedomin thechoiceof thegeometrictransformationthatmapsadomainonto
a range.A squaredomain,e.g.,mayundergo any of the8 transformationsof its dihedral
group(rotationsby multiplesof 90 degreesandflips). This will createa total of 8 entries
perdomainin thekd-tree,enlargingthesizeof thetree.However, wecangetawaywithout
thistreeexpansion.To seethis,justnotethatwemayinsteadconsiderthe8 transformations
of therangeandsearchtheoriginal treefor nearestneighborsof eachoneof them.
4. Thepreprocessingtime to createthedatastructurefor themulti-dimensionalsearchis
nota limitation of themethodasdemonstratedby ourexperiments(seesection4).
5. Themethodisdescribedherefor thecommoncaseof fractalimagecompressionin which
rangedatais approximatedby ascaledcopy of domaindataplusaconstant( ���.@BA>C�DE��%-0 & ).
Therearegeneralizationsof thisapproachallowingsocalledhigherorderfixedbasisblocks.
In thiscasearangeblockis approximatedby alinearcombinationof domaindata(�n%-0 & ), the
constantblock( A ) anddiscretizedquadraticandpossiblycubicblocks(see,e.g.,[8, 11, 12]).
Using a properorthogonalizationprocedureit is possibleto first dealwith all fixed basis
blocksandthento treattheremainingdomainblocksimilar to thecommoncasediscussed
above. See[16] for details.

3 Implementation

Ourimplementationis basedonFisher’sadaptivequadtreealgorithm[5]. Theimageregion
is subdividedinto squaresusingaquadtreedatastructure.Theleafnodesof thetreecorre-
spondto therangeswhile thedomainpool for a givenrangeconsistsof imagesubsquares
of twice thesize.Thenumberof domainsin thepool canbeadjustedby parametersof the
method. The quadtreeconstructionis adaptive in the sensethat for eachnodethe corre-
spondingdomainpool is searchedfor a matchingdomain.Thatnodethenbecomesa leaf
nodeif the searchyieldeda matchsatisfyinga given tolerancecriterion. If the tolerance
is not met, thesquareimageregion correspondingto thenodeis brokenup into four sub-
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squareswhichbecomethechildnodesof thegivennode(see[4, 5] for details).Althoughthe
performanceof this algorithmin termsof compressionandfidelity is not thebestpossible
it servesasa goodtestbedfor our experimentsin which we areaimingat evaluatingthe
capabilitiesof themulti-dimensionalnearestneighborsearchin comparisonto traditional
complexity reductionattempts.In thatrespectFisher’scodeis excellentbecauseit contains
anadvancedclassificationmethod.

This classificationworks asfollows. A squarerangeor domainis subdivided into its
four quadrants(upperleft, upperright, lower left, andlower right). In the quadrantsthe
averagepixel intensities� 0 andthecorrespondingvariances� 0 arecomputed(� 1 1'+)*)+)+' 4).
It is easyto seethatonecanalwaysorient (rotateandflip) therangeor domainsuchthat
theaverageintensitiesareorderedin oneof thethreeways:

majorclass1: � 1 N�� 2 N�� 3 N�� 4,
majorclass2: � 1 N�� 2 N�� 4 N�� 3,
majorclass3: � 1 N�� 4 N�� 2 N�� 3.

Oncetheorientationof therangeordomainhasbeenfixedaccordingly, thereare24different
possibleorderingsof thevarianceswhich define24 subclassesfor eachmajorclass.If the
scalefactor D is negative thenthe orderingsin the classesmustbe modifiedaccordingly.
Thus,for agivenrangetwosubclassesneedtobesearchedin ordertoaccommodatepositive
andnegativescalefactors.

Ourimplementationof themulti-dimensionalnearestneighborsearchisbasedonacode
whichwaskindly providedby Arya andMount [1]. Thecritical advancesof thisalgorithm
in comparisonto the classicalkd-treeapproachof Friedmanet al [7] aretwofold. After
a spacepartitioningtree(suchasa kd-tree)hasbeensetup for the dataa priority list of
nodesismaintainedduringnearestneighborsearchingsuchthatnodescorrespondingtodata
volumesthat areclosestto the querypoint aresearchedfirst. Secondly, the requirement
of finding theclosestneighboris relaxedto thatof finding an � 1 C|� � -approximatenearest
neighbor. This is adatapointwhosedistanceto thequerypoint is not largerthat1 CO� times
thedistanceof thequerypoint to its exactclosestneighbor. Arya etal reportthatevenwith
seeminglylargeparameterssuchas � 1 3 in practisedatapointsarefoundwhich have a
50%chanceof beingthetruenearestneighborandwhichareontheaverageonly 1.05times
asfar theclosestneighbor. On theotherhanda speedup of a factorof up to 50 over the
exact( � 1 0) casecanbeenjoyed. Usinga secondpriority list we have modifiedthecode
sothatagivennumberof approximatenearestneighborscanbereturned.

We have joinedtheabove two programsproviding the following two optionsusedfor
our testseries:

1. Theparameter� andthenumberof approximateneighborsrequestedin eachsearch
canbe specified. Note that the actualnumberof neighborsreturnedfor a given rangeis
twice aslarge sincetwo searchesmustbe carriedout for onerange(onefor positive and
onefor negativescalefactors).

2. The dimensionof the keys for the rangesanddomainscanbe chosen. We have
workedwith dimension4 and16 correspondingto a downfiltering of a rangeor domainto
a 2 by 2 or 4 by 4 imageblock. This fits well with thecompressioncodesincethedomain
andrangesizesareof the form 2

�
by 2

�
, thus,the filtering canconvenientlybe doneby

pixel averaging.
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4 Results

In this first seriesof experimentswe make useof theclassificationandreplacethe linear
searchin a classby theapproximatenearestneighborsearch.Herewe cannotyet expect
themethodto comeup with betterquality encodingsthantheplain classificationmethod,
sincewearesearchingthroughthesamedomains.Thus,thegoalis to show thatsignificant
computationtime canbesavedwhile providing imagefidelity andcompressionwithout or
with only veryminordegradation.

Beforethecomputationswe needto decidewhich parametersof thefastsearchto use:
��N 0, thenumber� of � 1 Cd� � -approximatenearestneighborsreturned,andthedimension
$ of thekey space.Figure2 showsastudyfor thefirst two of theseparameters.Weconsider
encodingsof a 512 by 512 test image(Lenna)with a fixed rangesize, i.e., the adaptive
quadtreeis trivial having the identicalminimal andmaximaldepths.Theclassificationis
active, andonly oneout of 72 classesis searchedusing the fastsearch. The dimension
of thekey spaceis $ 1 16, while theparameters� and � arevaried. All timesreported
in this sectionaremeasuredon an SGI Indigo2 runningan R4000processor. The result
showsthatalowerqualitybut fastersearch(highvalueof � ) is beneficialin termsof quality
obtainedfor given computationtime. We settlefor � 1 3 and � 1 5 (35.21dB, 15.8
secs).Whencomparingthis to theperformanceusingthelinearsearchwith classification
(35.56dB, 51.7secs)we obtainin this casethreefoldspeedin exchangefor a 0.3dB drop
in peak-signal-to-noiseratio (PSNR).

Wehavestudiedtheperformanceregardingthedimensionof thekey spaceusingimages
of varioussizesanddimensions$ 1 4 and16. We find that with the smallerdimension
$ 1 4 wegainonly about10–20%processingtime,however, we looseupto 2 dB in image
fidelity without providing a gain in compression.Thus, in the following we downfilter
domainsandrangesto 4 by 4 pixels.

Wehaveusedafew populartestimagesof differingresolutions:256by 256Collie, 512
by 512BaboonandLenna,and1024by 1024Compositeconsistingof thefollowing four

Figure2: For theparameters��� 0� 1� 2� 3� 5 andwith ��� 1�7������� 10 neighborsreturnedpersearchwe show
thePSNRversuscomputationtime. ThemaximalattainablePSNRis 35.56dB (obtainedin 51.7secswith
full linearsearch).
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linearsearch fastsearch
image pool comp. PSNR time comp. PSNR time drop speed
size size ratio dB h:m:s ratio dB h:m:s dB up

Collie 1 5.81 34.55 4 5.81 34.52 3 0.03 1.3
256 4 5.58 35.50 13 5.57 34.42 5 0.08 2.6

16 5.37 36.19 52 5.35 36.02 11 0.17 4.7
Lenna 1 8.48 34.87 34 8.45 34.57 13 0.30 2.6
512 4 8.45 35.69 2:01 8.39 35.40 24 0.29 5.0

16 8.43 36.21 7:40 8.31 35.82 57 0.39 8.1
Baboon 1 4.75 25.29 56 4.75 25.19 21 0.10 2.7

512 4 4.44 26.39 3:26 4.43 26.13 37 0.26 5.6
16 4.17 27.13 14:17 4.16 26.69 1:30 0.44 9.5

Comp. 1 6.34 30.89 14:02 6.31 30.55 1:51 0.34 7.6
1024 4 6.11 31.75 54:01 6.05 31.32 4:03 0.43 13.3

16 5.89 32.43 3:22:46 5.80 31.77 17:39 0.66 11.5

subimagesof resolution512by 512(Kiel Harbor, Peppers,Baboon,Lenna).Also wevary
thedomainpoolsizeby factorsof 4. Thiswaythescalingbehavior of thepureclassification
methodcanbecomparedto thatof themethodusingnearestneighborsearch.

The parametersusedfor the adaptive quadtreemethodarethe default parameters[5],
exceptfor thetolerance(setat thevalue4). Quadruplingthedomainpool sizeis obtained
by halving the domainspacingin both image� - and � -directions. The dataof the above
tablesummarizethefindings.Theresultsareasfollows:

� Thecompressionratiosobtainedwith the fastsearchversusthe linearsearchdiffer
on theaverageby lessthan0.03.Thus,for all practicalpurposesthefastsearchdoes
not significantlyworsenthecompressionratios.

� As expectedaslightlossin imagequalityis tradedin for higherspeedin theencoding
with thefastsearch(seethelast two columnsfor thelossin PSNRversusthespeed
up factor).

� It is interestingto note that althoughdifferent imagesmay requiremuchdifferent
encodingtimes(compareLennawith Baboon)thespeedup factorscalesnicelywith
imagesizeanddomainpool size. Whenthedomainpool sizeis quadrupledor the
imagesizeis doubled(whichalsoresultsin aquadrupleddomainpoolsize)thespeed
up factorroughlydoubles(exceptfor the last line in the table). This is reflectedin
the computationtimes. While quadrupleddomainpool sizerequiresalsofourfold
computationtime with the linear search,only 2 to 3 timesasmuchtime is needed
with thefastsearch.

Theslight lossin imagequality canbefurtherreducedby enlarging thenumber� of
neighborscomputedin eachsearchor by reducing� . For example,with � 1 10and � 1 3
we obtained(for pool size1 andtolerance8) PSNRdegradationsof only 0.02,0.10,0.06,
0.20dB with speedup factorsof 0.9,1.7,1.6,4.3for thefour imagesrespectively.
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It isalsopossibletoacceleratetheencodingof fractalimagecompressionwithouthaving
to paythepriceof a slightly worsenedimagequality. The ideais to includemoreclasses
in thesearchtreeinsteadof searchingthroughonly oneclass. In a first try we ignorethe
classificationaltogetherandthussearchtheentiredomainpoolfor eachrange.In fact,since
all 8 orientationsof all domainsin all of the72 subclassesbelongto thedomainpool, we
estimatethatabout576timesasmany domainsareconsideredin eachsearchascomparedto
themethodwith classification(whereoneoutof 72classesissearched).Thus,thesearching
coversalot moredomainsandmayresultin abettermatchingdomain.Althoughthisglobal
attackof theproblemis clearlyoverkill, it producesthedesiredqualitiesin someof the12
casescorrespondingto the tableabove. In all casesboth imagefidelity andcompression
ratio improve (by 0.88dB PSNRand0.30ratio on theaverage).However, dueto thevast
searcha speedup occursonly for the larger domainpoolsandimages.For example,we
getaccelerationfactorsof 1.3and3.8for theLennaandCompositeimagesatdomainpool
size16. A moresensibleapproachwould beto enlargethesearchby a smallerfactor. For
example,Fisher[5, page69] notesthat the24 classsearchgivesalmostthesamequality
resultsasthe 72 classsearch.Thus,we may expectsimilar improvementsin PSNRand
compressionratiobutwith notablyreducedcomputationtimeswhensearchingonly through
oneof themajorclassesfor eachrange.

Ourapproachof pixelaveragingin ordertoreducethedimensionalityof thedomainsand
ranges(64andhigheris typical) to amorefeasiblenumber(here$ 1 16)maybeimproved
by betterconcentratingrelevantsubimageinformationin the $ components.Basedon our
report [14] Barthelet al [3] have suggestedandimplementedan alternative reductionof
dimension. They have useda two-dimensionaldiscretecosinetransformation(DCT) of
the projectedcodebookblocks w�Xf��� 0 � . Propertiesof the DCT transformcarry over the
resultof our Theoremto the frequency domainandnearestneighborsof DCT coefficient
vectorswill yield thesmallestleastsquareserrors. In practiseonecomputestheDCT for
all domainsandranges.Then,from the resultingcoefficients,thezeroAC componentis
ignoredandthenext $ coefficientsmakeup thefeaturevector.

5 Summary

We have introduceda new theory linking the domain-rangecomparisonfundamentalto
fractalimagecompressionto nearestneighborsearch.This resultleadsto anew technique
atthecoreof theencodingprocess.It consistsof thefastapproximatenearestneighborsearch
in amulti-dimensionalkey spaceandcaneasilybeintegratedinto existingimplementations
of classificationmethods. The approachreducesthe time complexity of the encoding
steptherebycreatingfasterfractal imagecompression.The speedup canbe adjustedso
that it comeswith only minor degradationin imagequality andcompressionratio or with
improvementsin bothfidelity andcompression.

Acknowledgements. The authorthanksKlaus Bayer, Amitava Datta,RaoufHamzaoui,
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[3] Barthel,K. U.,Scḧuttemeyer, J.,Voyé,T.,Noll, P.,Anewimagecodingtechniqueuni-
fying fractal andtransformcoding, IEEE Conf.on ImageProcessing,Texas(1994)
112–116.

[4] Fisher, Y., A discussionof fractal imagecompression,in: H.-O.Peitgen,H. Jürgens,
D. Saupe,ChaosandFractals,Springer-Verlag,New York, 1992.

[5] Fisher, Y., FractalEncoding—TheoryandApplicationstoDigital Images,Springer-
Verlag,New York, 1994.

[6] Jacobs,E. W., Fisher, Y., Boss,R. D., Image compression: A studyof the iterated
transformmethod,SignalProcessing29 (1992)251–263.

[7] Friedman,J.H., Bentley, J.L., Finkel, R. A., An algorithmfor findingbestmatches
in logarithmicexpectedtime, ACM Trans.Math.Software3,3(1977)209–226.

[8] Gharavi-Alkhansari,M., Huang,T., A fractal-basedimage block-codingalgorithm,
Proc.ICASSP5 (1993)345–348.

[9] Jacquin,A., Image codingbasedon a fractal theoryof iteratedcontractiveMarkov
operators, Part II: Constructionof fractal codesfor digital images,ReportMath.
91389-017,Georgia Instituteof Technology, 1989.

[10] Jacquin,A. E., Fractal image coding: A review, Proceedingsof the IEEE 81,10
(1993)1451–1465.

[11] Monro, D. M., Woolley, S. J., Fractal image compressionwithoutsearching, Proc.
ICASSP, 1994.

[12] Øien, G. E., Lepsøy, S., Ramstad,T., An inner productspaceapproach to image
codingbycontractivetransformations,Proc.ICASSP(1991)2773–2776.

[13] Saupe,D., Hamzaoui,R.,A review of thefractal imagecompressionliterature, ACM
ComputerGraphics28,4(Nov. 1994)268–276.

[14] Saupe,D., Breakingthe time-complexity of fractal image compression, Technical
Report53,May 1994,Institut für Informatik,UniversiẗatFreiburg.
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