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A B S T R A C T

In this study, we develop methods to model and simulate road cy-
cling on real-world courses, to analyze the performance of individual
athletes and to identify and quantify potential performance improve-
ment. The target is to instruct the athlete where and how to optimize
his pacing strategy during a time trial.

We review the state-of-the-art mechanical model for road cycling
power that defines the relationship between pedaling power and cy-
cling speed. It accounts for the power demand to overcome the resis-
tance due to inertia, rolling friction, road gradient, friction in bearings
and aerial drag.

For several model parameters the measurement proves to be dif-
ficult. Thus, we estimate four compound parameters from a fit of
the dynamic model to varying real-world power and speed measure-
ments. The approach guarantees precise estimation even on courses
with moderately varying slope as long as that slope is known with
sufficient precision. An experimental evaluation shows that our cal-
ibration improves the model speed estimation significantly both on
the calibration course and on other courses with the same type of
road surface. A sensitivity analysis allows to compute the change in
speed for small parameter perturbations proving in detail that the
influences of the coefficients for aerial drag and rolling friction domi-
nate.

We designed a simulator based on a Cyclus2 ergometer. The sim-
ulation includes real height profiles, virtual gears, a video playback
that was synchronized with the cyclist’s current virtual position on
the course and online visualization of course and performance pa-
rameters. The ergometer brake is controlled so that it imitates the
resistance predicted by the outdoor road cycling model. The software
can partly compensate the physical limitations of the eddy current
brake.

The road cycling model and thus the simulator resistance depend
sensitively on an accurate estimation of the slope of the road. Com-
mercial gps enabled bicycle computers do not provide a sufficient pre-
cision since the differentiation of the height data in order to compute
the slope amplifies high frequency noise. A differential gps device
provides height data of sufficient quality but only in case the satellite
signals are not hidden by obstacles such as houses, trees, or moun-
tains, which is often a serious limiting factor. For this purpose, we
also present a method that combines model-based slope estimations
with noisy measurements from multiple GPS signals of different qual-
ity.
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We validated both the model and the simulator with field data ob-
tained on mountain courses. The model described the performance
parameters accurately with correlation coefficients of 0.96–0.99 and
signal-to-noise ratios of 19.7–23.9 dB. We obtained similar quality
measures for a comparison between model estimation and our simu-
lator. Thus the model prediction errors can be attributed to measure-
ment errors in differential gps altitude and model parameters but not
to the ergometer control.

The athlete represents the motor of the system. Power supply mod-
els quantify his ability to sustain time-variable power demand. We
briefly review the Morton-Margaria model that illustrates the inter-
play between the aerobic and anaerobic metabolism as a hydraulic
system. Due to the complexity of human physiology and the inability
to measure the required quantities, the model needs coarse simplifi-
cation before it is usable quantitatively in practice.

We present three physiological power supply models:

1. The 3-parameter critical power model extends the classical crit-
ical power model with the two parameters critical power and
anaerobic work capacity by introducing a maximum power con-
straint and has an exertion rate that depends linearly on the
pedaling load.

2. Gordon’s modification, denoted by exertion model, suggests an
alternative non-linear exertion rate that, in addition, defines an
implicit maximum power constraint.

3. Our own 4-parameter model introduces an additional steering
parameter for the nonlinearity and adopts the power constraint
from the 3-parameter critical power model, thus combining – as
we believe – some of the favorable properties of both models.

Having the power demand and different versions of supply models at
hand, we compute minimum-time pacing strategies for both synthetic
and real-world cycling courses as numerical solutions of optimal con-
trol problems using the Matlab package GPOPS-II.

In order to verify and discuss the numerical solutions, we derive
candidate solutions for each problem. It turns out that for the 3-
parameter critical power model, we deal with a singular control prob-
lem and, remarkably, the optimality criterion is that on sections, where
the slope varies only moderately, the speed is perfectly constant.

Direct transcription methods as they are used in GPOPS-II often
have severe numerical difficulties with singular optimal control prob-
lems. However, we found that if our problem is parametrized using
kinetic energy instead of speed, significantly more detailed optimal
strategies may be obtained on courses with real complex slope data
and the computing time decreases.
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We plot and discuss minimum-time pacing strategies for three real
uphill courses in Switzerland, for which we have accurate height pro-
file data, combined with the three physiological models. For Gordon’s
model we conducted an experiment, where an athlete was instructed
on our simulator to follow the optimal strategy and finished the
course in less time than when pacing himself based on his experi-
ence.

Finally, we give a numerical example how a weaker athlete rides
in the slipstream of a stronger leading competitor and overtakes just
in the right moment towards the end of the race in order to win the
competition.

Z U S A M M E N FA S S U N G

In der vorliegenden Arbeit befassen wir uns mit der Modellierung
und Simulation des Rennradfahrens auf realen Strecken, physiologi-
schen Ausdauermodellen für Radsportathleten, sowie Methoden um
Verbesserungspotential zu erkennen und zu quantifizieren. Das Ziel
ist, den Athleten anzuleiten, seine Strategie bei Bergzeitfahrten zu
optimieren.

Wir erläutern ein etabliertes mechanisches Modell, welches den Zu-
sammenhang zwischen Pedalleistung und Fahrgeschwindigkeit de-
finiert. Es berücksichtigt die erforderliche Leistung, um den Wider-
stand bestehend aus Trägheit, Rollreibung, Steigung der Straße, La-
gerwiderstände und Luftwiderstand zu überwinden

Das Messen mehrerer Modellparameter stellt sich als schwierig
heraus. Daher schätzen wir vier zusammengefasste Parameter, in-
dem wir ein dynamisches System an reale Leistung- und Geschwin-
digkeitsmessungen anpassen. Der Ansatz liefert genaue Parameters-
schätzungen sogar auf leicht hügeligen Strecken, sofern das Steigungs-
profil mit hinreichender Genauigkeit bekannt ist. Eine Auswertung
mit realen Daten zeigt, dass unsere Kalibrierung die Modellvorher-
sage der Geschwindigkeit sowohl auf einer Kalibrierungsstrecke als
auch auf gleichartigen anderen Strecken signifikant verbessert. Eine
Sensitivitätsanalyse ermöglicht es, Geschwindigkeitsänderungen für
kleine Parameteränderungen zu berechnen und beweist, dass die Ko-
effizienten für Luftwiderstand und Rollreibung den größten Einfluss
haben.

Wir entwickelten einen Simulator der auf einem Cyclus2 Ergometer
basiert. Die Simulation schließt reale Höhenprofile, virtuelle Überset-
zungen, ein mit der aktuellen Position des Fahrers auf der Strecke
synchronisiertes Video und die Visualisierung von momentanen Leis-
tungsparametern ein. Die Bremse des Ergometers wird so gesteuert,
dass sie den durch das mechanische Modell geschätzten Widerstand
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erzeugt. Die Software kann die physikalischen Grenzen der Wirbel-
strombremse teilweise kompensieren.

Das mechanische Modell und somit der Simulatorwiderstand hängt
stark von der Steigung der Fahrstrecke ab. Kommerzielle mit GPS
ausgestattete Fahrradcomputer stellen keine ausreichende Genauig-
keit zur Verfügung, da die Ableitung der Höhendaten um die Stei-
gung zu berechnen hochfrequentes Messrauschen verstärkt.

Differential GPS liefert Höhendaten mit ausreichender Genauig-
keit, jedoch nur auf Streckenabschnitten, die nicht von Hindernissen
wie Häuser, Bäume oder Berge verdeckt werden, was oft eine große
Einschränkung darstellt. Daher entwickeln wir auch eine Methode,
mit der modellbasierte Steigungsschätzungen mit verrauschten Mes-
sungen mehrerer GPS Signale unterschiedlicher Qualität fusioniert
werden können.

Eine Validierung sowohl des Modells als auch des Simulators mit
Felddaten auf Bergstrecken ergab, dass das Modell Leistungsparame-
ter mit einer Genauigkeit schätzt, die mit einem Korrelationskoeffi-
zienten von 0.96–0.99 und SNRs von 19.7–23.9 dB beschrieben wer-
den können. Ähnliche Gütemaße ergeben sich für einen Vergleich
zwischen Modellschätzung und Simulator. Daher können die Mo-
dellschätzungsfehler auf Messfehler in der Höhenmessung und den
Modellparametern zurückgeführt werden, die nicht wesentlich durch
Messfehler in der Ergometersteuerung übertroffen werden.

Den Motor im System stellt der Athlet dar. Physiologische Model-
le quantifizieren seine Fähigkeit zeitabhängige Belastungsanforderun-
gen zu erfüllen. Wir befassen uns kurz mit dem Morton-Margaria
Modell, welches das Zusammenspiel zwischen aeroben und anaero-
ben Stoffwechsel als hydraulisches System abbildet. Aufgrund der
Komplexität der menschlichen Physiologie und der begrenzten Mög-
lichkeiten, relevante Größen im Körper zu messen, muss das Modell
stark vereinfacht werden, bevor es in der Praxis quantitativ benutzt
werden kann.

Wir stellen drei physiologische Modelle vor: Das 3-Parameter kriti-
sche Leistungsmodell erweitert das klassische kritische Leistungsmo-
dell mit den zwei Parametern kritische Leistung und anaerobe Ka-
pazität, indem es die maximale Leistung beschränkt. Gordon’s Modi-
fikation schlägt eine alternative nichtlineare Ermüdungsrate vor, die
eine maximale Leistung implizit definiert. Unser eigenes 4-Parameter
Ermüdungsmodell, führt einen zusätzlichen Steuerungsparameter für
die Nichtlinearität ein und übernimmt die Leistungsbeschränkung
des 3-Parameter Modells. Somit kombiniert es – nach unserer Über-
zeugung – einige der zu bevorzugenden Eigenschaften der vorigen
Modelle.

Mit dem mechanischen Modell und mehreren physiologischen Mo-
dellen berechnen wir zeitminimale Rennstrategien sowohl für synthe-
tische als auch für reale Strecken als numerische Lösungen optimaler
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Steuerungsproblem mit Hilfe der Matlab Toolbox GPOPS-II. Um die
numerischen Lösungen zu verifizieren und zu diskutieren, leiten wir
für jedes Problem die notwendigen Bedingungen her, die auf Inter-
vallen gelten, aus denen die Gesamtlösung zusammengesetzt ist. Es
stellt sich heraus, dass für das 3-Parameter kritische Leistungsmodell
das optimale Steuerungsproblem singulär ist und bemerkenswerter-
weise die Leistung auf Abschnitten mit moderat variierendem Stei-
gungsprofil die Geschwindigkeit konstant sein muss.

Direkte Methoden, wie sie in GPOPS-II verwendet werden, haben
mit singulären Problemen oft Schwierigkeiten. Allerdings stellt sich
für unser konkretes Problem heraus, dass eine Parametrisierung mit
der kinetischen Energie an Stelle der Geschwindigkeit das Konver-
genzverhalten stark verbessert und detaillierte optimale Strategien
für Strecken mit komplexen Steigungsprofilen berechnet werden kön-
nen.

Wir diskutieren zeitminimale Rennstrategien für drei Bergstrecken
in der Schweiz, für die wir hochgenaue Höhendaten aufgezeichnet
haben, kombiniert mit den drei physiologischen Modellen. Für das
Modell von Gordon führten wir einen Versuch durch, bei dem ein
Athlet durch die Vorgabe einer optimalen berechneten Strategie die
Strecke schneller absolvieren konnte als bei einer selbst frei gewählten
Strategie, die auf seiner Erfahrung basierte.

Am Ende präsentieren wir ein numerisches Beispiel, wie ein schwä-
cherer Fahrer im Windschatten eines stärkeren, führenden Konkur-
renten fährt und genau zum optimalen Zeitpunkt gegen Ende des
Rennens überholt, um den Wettkampf zu gewinnen.
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1
I N T R O D U C T I O N

Computer science in sport is an emerging interdisciplinary field, that
has evolved in the last 20 to 30 years. Recording devices for a host of
physical and physiological parameters have become available both to
the professional athlete as well as to hobby and amateur sportsmen.
These parameters are used for monitoring and measuring sports ac-
tivities in the lab, during training, and even in competitions. Beyond
data acquisition, methods for data processing, analysis, modeling,
simulation, visualization, prediction and optimization have become
indispensable to manage such complex data and extract the relevant
information.

This dissertation focuses on computer science methods that are tai-
lored for competitive road cycling on realistic courses. We selected
endurance sports as a particularly suitable application since it allows
for long-term data series that are expected to be more homogeneous,
and that depend to a lesser degree on chance events than, e.g., game
sports.

Our first concern is an accurate modeling of the bicycle mechanics,
in particular the relation between pedaling power and cycling speed
for an individual cyclist. Although an appropriate road cycling model
is well established in literature (Chapter 2), it contains several param-
eters for friction and aerial drag that vary significantly for different
bicycles, athletes, and their position during a ride. These parameters
cannot be measured as easily as the mass with scales. For this reason,
we develop an on-road calibration method in Chapter 2 that in con-
trast to static regression techniques fits the whole dynamic model to
time varying power and speed data on a course.

The second main goal dealt with in Chapter 4 is the development of
an indoor road cycling simulator. It imitates the mechanics of outdoor
road cycling on realistic courses using the mathematical model and
allows to conduct experiments in a laboratory environment under
controllable conditions. Such a simulator can be used for computer
aided training and to acquaint athletes with unfamiliar courses.

In contrast to commercial simulators that are primarily designed
as entertainment products to excite a good cycling experience, we set
a high value on the accuracy of our simulator. Therefore, we record
high precision height data of our courses using a differential gps de-
vice. As most courses include sections where the reception of suffi-
cient satellites is covered by obstacles along the course or mountains,
we design a method to fuse several gps measurements of different
quality together with model-based slope estimation. A validation be-
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2 introduction

tween model predictions, outdoor and simulator measurement data
in Chapter 5 demonstrates the accuracy we have achieved.

For the optimization of pacing strategies, physiological models for
individual athletes are necessary, which should quantify the remain-
ing energy resources and the maximum available power of the cyclist
at any point in time during time-variable load. It is impossible to ac-
curately simulate, not to mention optimize, all relevant physiological
aspects, thus simplified models are sought in Chapter 6. We review
the 3-parameter critical power model, a modified version, denoted as
Gordon’s exertion model and seek modifications that are expected to
provide better results when used to compute optimal pacing strate-
gies.

Given the mechanical and physiological model, we determine mini-
mum-time pacing strategies for an individual cyclists on a real-world
courses as numerical solutions of optimal control problem using state-
of-the-art methods in Chapter 7. We classify the control problem
types and verify and interpret the numerical solution based on op-
timal control theory. Detailed solution plots for 3 highly resolved
slope profiles of real cycling courses combined with different physio-
logical models are plotted and discussed in detail. For one example,
a preliminary study is given that indicates if a performance increase
is possible in practice when an athlete is instructed to follow an op-
timal strategy on our simulator compared to a ride during which he
chose his pacing freely based on his experience.

Finally, we point out the potential of slipstreaming with races of
two or more cyclists and compute an optimal tactic for slipstreaming
and a overtake maneuver in case of two competing cyclists.



Part I

M O D E L I N G





2
T H E R O A D C Y C L I N G P O W E R M O D E L

Beginning in 1979, mathematical models have been developed to de-
scribe the relation between pedaling power and speed during road
cycling, [38, 75, 74] . The mathematical models were used to predict
time trial performance [74], required power output during cycling
[64], and to derive optimal pacing strategies for time trials in variable
synthetic terrain and wind conditions [4, 7, 45, 63, 93]. Moreover, the
models were applied in on-road measurements to identify physical
parameters for rolling friction and aerodynamic drag.

However, their accuracy could not be determined before the SRM
power meter became available commercially in 1994. In 1998, the
significant components were summarized to form the state-of-the-art
mathematical model for road cycling power [64]. In that contribution,
the model was validated by performing road cycling trials on an al-
most flat (0.3 % slope from construction plans) and straight concrete
road with nominally constant speeds.

A linear regression between the average power measured by an
SRM power meter and the power predicted by the model, given the
actual average speed, yielded a slope of 1.00 for the regression line,
a correlation coefficient of 0.97 and a standard error of measurement
of the difference between measured and modeled power of 2.7 W (av-
erage SRM power 172.8 W). The variation of the data that the model
accounts for was 97%.

An overview on the relationship between cycling power and speed,
in particular aerodynamics and rolling resistance can be found in
chapters 4–6 of [91].

2.1 derivation of model equations

The model reduces the cyclist-bicycle system to a point mass moving
forward along a one-dimensional path that is defined by its height as
a function of distance. I. e., only forces that contribute to a torque in
the crank are considered to have an effect on the cycling speed. The
effects of, e. g., braking or pumping1 on the cycling speed are omitted.
Moreover, only the velocity component in the direction of the course,
which we refer to as the speed v, is considered. Thus, centripetal
forces and gyroscopic effects in curves are discounted.

Resulting from the law of conservation of energy, the model is
based on an equilibrium of resistance power and pedaling power Pped

1 Pulling the cyclist’s center of mass down and pushing it up again while passing a
summit.
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6 the road cycling power model

provided by a cyclist to propel his bicycle. The resistance power is
composed of power due to gain in potential energy Ppot, aerodynamic
drag Pair, frictional losses in wheel bearings Pbear, rolling friction Proll,
and gain in kinetic energy Pkin:

Pkin + Proll + Ppot + Pbear + Pair = ζPped . (2.1)

The efficiency factor ζ < 1 accounts for frictional loss in the drive
chain.

Dividing Equation (2.1) by the angular speed of the wheels yields
the corresponding equilibrium of torques where one has to consider
the lever principle using the transmission ratio γ = nfront

nrear
, i. e., the

ratio of the number of teeth on the front sprocket to the number of
teeth on the rear sprocket:

Tkin + Troll + Tpot + Tbear + Tair =
ζ

γ
Tped . (2.2)

The pedal torque is equal to the product of the pedal force and
the length of the crank: Tped = Fpedℓc. Moreover, Equation (2.2) is
divided by the radius of the wheels, rw, in order to obtain the equi-
librium of resistance and pedaling force acting at the contact area
between the rear wheel and the road:

Fkin + Froll + Fpot + Fbear + Fair =
ζ

γ

ℓc

rw
Fped . (2.3)

The expression on the right hand side quantifies the propulsive force
Fprop acting between the tire and the road and thus propels the bicycle.
It is proportional to the pedaling power divided by the speed:

Fprop =
ζ

γ

ℓc

rw
Fped =

ζPped

v
. (2.4)

Eventually, the specific mechanical models can be substituted into
each component. For a given pedaling power Pped, the complete ini-
tial value problem may be stated as follows:

ẋ = v (2.5a)
(

m +
Iw

r2
w

)

v̇

︸ ︷︷ ︸

Fkin

+mgµ
︸︷︷︸

Froll

+mgh′ (x)
︸ ︷︷ ︸

Fpot

+ (β0 + β1v)
︸ ︷︷ ︸

Fbear

+
1
2

cdρAv2

︸ ︷︷ ︸

Fair

=
ζPped

v
,

(2.5b)

subject to

x (t)|t=0 = 0 and ẋ (t)|t=0 = v0 . (2.5c)

Here, x = x(t) is the distance traveled as a function of time t, ẋ =

v(t) is the speed, and v̇(t) is the acceleration. Equations (2.5a) and



2.1 derivation of model equations 7

(2.5b) constitute a system of nonlinear ordinary differential equations
whereas (2.5c) defines the initial conditions with v0 being the initial
speed. The other symbols denote physical parameters listed in Ta-
ble 2.1. Ambient wind and aerodynamic drag by rotation of spokes
is neglected.

The initial value problem has a unique differentiable solution v (t)
as output for any input pedaling power Pped that is a bounded, non-
negative, and piecewise continuous function of time. We confine our-
selves to the physically meaningful case, where v (t) ≥ 0, i. e., the
model does not cover cycling backwards. For real data, a numerical
solution can be found with the Runge-Kutta algorithm for which we
use Matlab’s ode45 function.

We may eliminate the time t, by replacing v̇ with

v̇ =
dv

dt
=

dv

dx

dx

dt
= v′ ẋ = v′v

and dividing (2.5b) by the speed v = ẋ. We obtain an ordinary differ-
ential equation for the speed v as a function of distance x:

(

m +
Iw

r2
w

)

v′ +
mgµ

v
+

mgh′ (x)

v
+

β0

v
+ β1 +

1
2

cdρAv =
ζPped

v2 ,

(2.6a)

subject to

v (x)|x=0 = v0 . (2.6b)

In the common situation, where the cyclist starts from rest, i. e. ,
v0 = 0, both (2.5b) and (2.6a) become infinite for finite power P be-
cause v appears in the denominator. In order to avoid numerical
issues in that case, we multiply (2.5b) with v:

ẋ = v (2.7a)

Mv̇v +
(
k1 + mgh′ (x)

)
v + k2v2 + k3v3 = (1 − k0) Pped , (2.7b)

subject to

x (t)|t=0 = 0 and v (t)|t=0 = v0 (2.7c)

with

M = m +
Iw

r2
w

. (2.7d)

k0 = 1 − ζ (2.7e)

k1 = mgµ + β0 (2.7f)

k2 = β1 (2.7g)

k3 =
1
2

cdρA (2.7h)



8 the road cycling power model

We may replace the speed v by the kinetic energy using v = qe0.5

and v̇ = q
2 ėe−0.5, where q =

√
2
M :

ẋ = qe0.5 (2.8a)

ė + qe0.5 (k1 + mgh′ (x) + k2qe0.5 + k3q2e
)
= ζPped , (2.8b)

subject to

x (t)|t=0 = 0 and e (t)|t=0 = e0 . (2.8c)

This form may appear cumbersome for the human eye but for a
computer evaluating these terms it is not much more difficult than
evaluating the previous. Besides the disappearance of the singular-
ity, in Chapter 7 we observed that numerical algorithms to compute
minimum-time pacing strategies converge more robustly and faster
when the problem is parametrized using the kinetic energy e instead
of the speed v.

2.2 constant model parameters

The physical model parameters listed in Tables 2.1a–2.1d may be as-
sumed to be invariant during a ride.

The natural invariants in Table 2.1a are well known. The other
constant parameters may either be obtained from manufacturer infor-
mation (Table 2.1b), or measured (Table 2.1c). The constant parame-
ters in Table 2.1d cannot be measured. They may either be taken from
literature or determined individually by on-road experiments and pa-
rameter fitting methods as detailed in the following Chapter 2.

As the inertia cannot be measured directly, we conduced the fol-
lowing experiment as described in [48]: The moments of inertia of a
bicycle wheel can be determined by hanging up the wheel in a hori-
zontal position and having it oscillate around its axis.

Figure 2.1: Setup of a pendulum experiment for the determination of the
wheel inertia.
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Denotation Symbol Value

gravity constant g 9.81 m/s2

air density ρ 1.2 kg/m3

(a) Natural invariants.

Denotation Symbol Value

length of crank ℓc 175 mm

wheel circumference cw 2105 mm

radius of the wheels rw 335.0 mm

mechanical gear ratio γ 39/27, ..., 50/12

(b) Invariants whose values may be obtained from manufacturer informa-
tion. Given values refer to a Radeon RPS 9.0 race bicycle with tire size
700× 25C, that was used for the experiments in the following.

Denotation Symbol Measurement Device

mass cyclist mc scales
mass bicycle mb

total mass (cyclist + bike) m mb + mc

course length L speedometer

inertia of wheels Iw Indirect measurement

inertia of crank Ic as described in text

(c) Measurable invariants.

Denotation Symbol Value

chain friction ζ 0.0975

rolling friction µ 0.004

bearing friction β0 91 mN

bearing friction β1 8.7 Ns/km

shape coefficient cd 0.7

frontal area A 0.4 m2

(d) Specific, not easily measurable invariants. The values for ζ, β0, and β1 are
adopted from [64]. The values for µ, cd, and A are average values from
[91].

Table 2.1: Parameters of the road cycling model.
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For this purpose, we fastened three equally long pieces of string to
three equally spaced points on the rim, as sketched in Figure 2.1. The
other ends of the pieces of string are fixed to a horizontal board above
the wheel, so that the pieces of string are vertical when the system is
at rest. The inertia Iwf of the front wheel, which is used as a physical
pendulum is

Iwf =
T2mwfgr2

4π2ℓ
, (2.9)

where T is the oscillation period, ℓ is the length of the pieces of string
and mwf is the mass of the front wheel. With the wheel oscillating,
we measured the time for 20 periods and computed a momentum
of Iwf = 0.087 kgm2 for the front wheel an and Iwr = 0.093 kgm2

for the rear wheel, resulting in Iw = Iwf + Iwr = 0.18 kgm2. In [29],
we determined the inertia of the crank, but in fact it turns out that
due to the small radius and slow angular rotation of the crank, it is
negligible for our purposes. Thus, we omit these details here. Due to
a computing error Iw = 0.30 kgm2 was used for the computations in
this thesis and in [29]. However, the effect on the results is negligible.

The next Chapter is devoted to the determination of the parameters
in Table 2.1d, which are not measurable. The methods include a
sensitivity analysis, which will be used in Section 3.4, to quantify the
impact of the known and measurable parameters in Table 2.1b and
Table 2.1c.



3
O N - R O A D M O D E L PA R A M E T E R C A L I B R AT I O N

The constant parameters in Table 2.1d refer to aerodynamic and fric-
tional resistance components and rely on complex physical processes
that involve a large number of parameters, which are not measurable
in practice. Hence, the terms for aerodynamic drag Fair, frictional
losses in wheel bearings Fbear and rolling resistance Froll in (2.5a) are
simplifications of these processes and the determination of the param-
eters can only be done empirically.

The ideas, data, results and plots of this chapter are largely adopted
from [29] which is an extended version of [24].

Existing techniques for the estimation of these model parameters
can be divided into three categories: laboratory experiments, numer-
ical simulations, and on-road experiments. In the following, we give
references to the most prominent and state-of-the-art work related to
the empirical determination of the resistance parameters.

As part of extensive research in the area of aerodynamics in sport,
[73], most effort has been put into the determination of the aerody-
namic friction parameters since on level ground and at high speed,
aerodynamics clearly contribute the major part to the overall resis-
tance and are very sensitive to the position of the cyclist, clothing,
and the bicycle design [61].

The most accurate parameters are derived from laboratory experi-
ments, i. e., from wind tunnel tests. Reference values for aerodynamic
drag parameters with high sensitivity to various positions and cycling
equipment are given by [41] and have been used to optimize the cy-
clist’s position on the bicycle.

Recently, methods of computational fluid dynamics (CFD) have
been validated using both drag and surface pressure measurements
and were found to provide a better understanding of the flow field
information and the origin of the drag force variations than wind
tunnel experiments [35]. A comparison of different CFD techniques
applied to a model of a cyclist in a wind tunnel yielded that the steady
Reynolds-averaged Navier-Stokes shear-stress transport k − ω model
and low-Reynolds number modeling for the boundary layer provide
the best results concerning three-component forces, moments, and
surface pressure [36]. It is expected that this conclusion can be gen-
eralized to other high-speed applications of bluff-body shapes which
arise in disciplines like swimming, skiing, or bob-sleighing, where
related CFD techniques have been employed. Simulation results with
higher spatial resolutions of individual body segments were presented
by [37].

11
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Tire drum testers and computer-controlled drive-train-testing sys-
tems, that measure torque and frictional heat using infrared sensors
under various conditions, provide the means to examine rolling resis-
tance and transmission efficiencies in the laboratory [59, 58, 84].

However, the technical complexities of these methods are imprac-
tical when the assessment of resistance parameters that match a spe-
cific cyclist, bicycle, and road surface is required and a mere transfer
of established values from the literature is vague because the specific
conditions can hardly be controlled or measured precisely. For this
reason, on-road techniques were introduced.

Before portable power meters became available, the resistance was
either directly measured while towing a cyclists over a flat road be-
hind a motorcycle [38, 20] or performing deceleration measurements
[19] after which the data have to be fit to the model. [34] estimated
pedaling power in the field assuming that it is equal to the power
on an ergometer that causes the same metabolic costs which, how-
ever, introduced the physiological variability as an additional source
of inaccuracy.

Recent studies have shown that rear-hub or crank-mounted power
meters are sensitive enough to quantify the drafting effect [39] and
even measure the resistance parameters for rolling friction and aero-
dynamic drag when varying body position and tire pressure [60]. For
this purpose a cyclist rides on a smooth asphalt road of 200 m length
several times with different but constant velocities in both directions.
For each ride one obtains a data point that consists of the squared av-
erage velocity and the average resistance force. Then, the coefficients
for aerodynamic drag respectively rolling resistance are computed
from the slope respectively the intercept of a linear regression line of
these data points.

Clearly, their protocol is limited by the ability of the riders to keep
a constant speed and the availability of a long flat course that has
the desired surface. Therefore, the experiments were performed on
a road close to an airport and it was verified that the average power
was the same for two rides with equal speed but opposite directions.
In addition, they used surveying equipment and found the roll of
the road being less than 0.03% (We confirmed that the corresponding
inclination angle given in that paper was misprinted.)

Another approach to derive field based parameters was taken in
[65]. The model was simplified so that it depended only on one
parameter for aerodynamic drag and another parameter for global
resistance. The data of the previous study, [64], was then used for
a regression analysis, that yielded a single value for the global resis-
tance and individual aerial drag coefficients for each cyclist.

In the following, we measure the slope of the course with a dif-
ferential GPS device and fit the whole dynamic road cycling model
instead of the drag and rolling friction parameters only to the mea-
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sured power and speed data as varying functions of the distance. Fur-
thermore, we perform a sensitivity analysis in Section 3.4 that reveals
which parameters can be estimated accurately.

3.1 calibration method

In the model equation (2.6), the six sought parameters occur in four
terms, which differ in their dependency on the pedaling power Pped

and the speed v. Therefore, only four compound coefficients can be
estimated based on power and speed measurements. For notational
convenience, we stack the four coefficients into the symbolic parame-
ter vector k and the known or measurable constant parameters into a
vector ℓ:

k =









k0

k1

k2

k3









=









1 − ζ

mgµ + β0

β1
1
2 cdρA









and ℓ =









ℓ0

ℓ1

ℓ2

ℓ3









=










g

m

v0
Iw
r2

w










.

(3.1)

We rewrite the model equations (2.6) in terms of k and ℓ:

(1 − k0)
Pped

v2 − (ℓ1 + ℓ3) v′ (x)−
ℓ0ℓ1h′ (x)

v
−

k1

v
− k2 − k3v = 0 ,

(3.2a)

subject to

v (x)|x=0 − ℓ2 = 0 .
(3.2b)

In the following we interpret (3.2) as an implicit definition of the
speed function

v : [0, L] → R+, (3.3a)

x 7→ v
(
x; k, ℓ, h′ (·) , P (·)

)
, (3.3b)

where L is the length of the course.
Given a set of known or measured parameters ℓ, functions h′ (·),

Pped (·), and speed measurements vm (x) for a specific ride of a cy-
clist on the given course, our approach is to seek parameters k, so
that v (x; k) is close to the speed measurement vm (x). Therefore, we
define a cost function

J (k) =
1
L

∫ L

0

(
v
(

x; k, ℓ, h′ (·) , Pped (·)
)
− vm (x)

)2
dx
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(a) Leica GPS900 (b) Garmin Edge 705 (c) SRM Power Meter

Figure 3.1: Measurement devices for height profiles, speed, and pedaling
power.

as the mean squared deviation of the modeled speed from the mea-
surement over the length of the course. Then, we determine the esti-
mated parameter vector k̂ as being the argument of the minimum of
J (k):

k̂ = arg min
k

J (k) . (3.4)

Such optimization problems can be solved numerically by gradient-
based methods such as the Matlab function lsqcurvefit. In Section
3.4 we will derive an implicit, analytic formula for the gradient of J,
which is beneficial for a robust and efficient implementation of such
an optimization.

3.2 data acquisition on the courses

We acquired the coordinates of a 1048 m long asphalt cycling course
beside the country road from Röhrnang to Liggeringen in south-west
Germany (calibration course) using a differential GPS device (Leica
GPS900, Figure 3.1a). The sampling period was 1 s. The differential
GPS device was attached to a road bicycle (Radeon RPS 9.0 with a
60 cm frame), which we pushed at walking speed along a lane on
the cycling course, while we measured the distance by the rotation
of the wheels with a common bicycle computer (Garmin Edge 705,
Figure 3.1b).

We used the time stamps of the differential GPS device and the
bicycle computer to synchronize the distance and height measure-
ments and obtain a precise height profile, the derivative of which
with respect to the distance, h′ (x), is given in Figure 3.2. We selected
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an only moderately varying profile on purpose, so that gravity does
not predominate the resistance forces over those that involve the pa-
rameters to be determined. The differential GPS device indicated a
3D-coordinate quality with an error less than 1.8 cm for every mea-
surement point.

0 200 400 600 800 1000 1200
�0.06

�0.04

�0.02

0

0.02

0.04

0.06

0.08

Calibration course

Langenrain-Liggeringen

Validation course

Allensbach-Kaltbrunn

Figure 3.2: The slopes of the calibration course and the test course.

A cyclist cycled on the road bicycle on the calibration course five
times back and forth while there was no wind. He varied the speed in
a broad range and kept a constant upright sitting posture. During the
rides for the calibration experiments, gear changes were avoided, not
to disturb the power measurement. The measured pedaling power
P (x), as shown in Figure 3.3, and cycling speed vm (x), Figure 3.5,
were measured by an SRM Power Meter (science edition, Figure 3.1c).
This data was used for the calibration. The results are presented in
Section 3.3.

In the same way, measurements were taken on an 813 m long as-
phalt cycling course in the same area between Allensbach and Kalt-
brunn (test course), as depicted in Figures 3.2, 3.3, and 3.6.

The Accuracy of the Power Meter Devices

In [31], an SRM Power Meter 5, professional edition with four strain
gauges, was used for which the manufacturer claims an accuracy of
±2 %. For the experiments here and in [29], we used an SRM Power
Meter 7, scientific edition, with 8 strain gauges and an accuracy of
0.5 %. However, a perfect reference for pedaling power does not exist
and inquiries on the manufacturer’s calibration method revealed that
the accuracies of power meters have not been evaluated scientifically.

In order to compare the calibrations of our two SRM Power Me-
ters, we performed a step test ranging from 80–300 W on a Cyclus2
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Figure 3.3: The measured pedaling power Pped (x) on the calibration
course (top) and the test course (bottom). The vertical lines
indicate changes of direction at the ends of the course during
which the data acquisition was interrupted.

ergometer and computed the averages of the SRM power measure-
ments during each step, as depicted in Figure 3.4.

In fact, we had expected, that the SRM power meters display a
slightly larger power since they measure the sum of the power ab-
sorbed by the ergometer brake, the frictional resistance of the ergome-
ter mechanics, and the frictional resistance of the chain and the crank
of the bicycle, whereas the nominal power of the ergometer should
be equal to the power absorbed by the ergometer brake only. How-
ever, we observed that both SRM devices measure significantly less
power than the nominal power during each step. Moreover, particu-
larly with a nominal power above 200 W, we detected that the power
measurements of the Power Meter 7 exceed those of the Power Me-
ter 5.

We conclude that the determination of the parameters of the road
cycling model with our method is affected by the lack of a reliable
calibration method of power meters. Even if model estimations and
measurements match well, we have to be aware of a possible addi-
tional error regarding the unknown true pedaling power.

The height profile h (x) is re-sampled on a regular 1 m grid and the
smoothed slope h′ (x) is obtained using an adaptive-degree polyno-
mial filter (Savitzky-Golay Filter) with a filter length of 21 m [8].

In practice the measured lengths of the courses with the acquisition
of the height profiles, Ldgps and with each ride L1...10 differ slightly,
because it is impossible to follow the lanes exactly and to start and
stop the measurement exactly at the markings while cycling. There-
fore, we aligned the centers Li/2 of the distance measurements of the
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Figure 3.4: Comparison of power measurements of an SRM Power Meter 7

and an SRM Power Meter 5. Both devices were used to measure
the power during a step test on a Cyclus2 ergometer (power
range: 80–300 W, step duration 30 s, cadence 80 rpm. The SRM
measurement power PSRM divided by the nominal power of
the Cyclus2, PCyclus2 for each step is plotted versus PCyclus2. For
the Cyclus2 ergometer, the manufacturer claims an accuracy of
±2 % for Pped > 250 W and ±5 W for Pped < 250 W. All devices
were either new or recently calibrated by the manufacturer.

rides at the center of the distance measurement with the height profile
Ldgps/2. We computed an average length L̄ = 1/10 ∑

10
i=1 Li of the length

measurements with the rides Li and scale the differential GPS length
measurement with the factor L̄/Ldgps. Finally, the edges of all measure-
ments in the range where the filter gives no valid output were cut off
and all data was re-sampled to obtain a uniform sampling distance
of 1 m. In the following, the distance of the valid segment is defined
to be the interval [0, L].

3.3 calibration and validation results

In order to demonstrate the results of our calibration approach, we
first use the speed and power measurement data of the calibration
course to obtain the parameter estimation k̂ as explained in Section
2.1 and compare the speed estimations v(x; k̂) of the model to the
speed estimation v(x; klit), when using the literature values. For val-
idation, we repeat the comparison on the test course, where we use
the same calibrated parameters k̂.

Rides on the Calibration Course

Figure 3.5 shows that the speed estimation of the road cycling model
using parameters from literature, v(x; klit), generally exceeds the mea-
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sured speed vm (x). The speed estimation using the calibrated param-
eters v(x; k̂) agrees better with the measured speed.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0
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15

Figure 3.5: Rides on the calibration course: measured speed vm (x); speed
estimation of the road cycling model, using literature param-
eters v(x; klit); speed estimation using calibrated parameters
v(x; k̂).

The numerical values of the literature parameters k̂lit and the cal-
ibrated parameters k̂ are given in Table 3.1. We observe that they
deviate significantly from the original literature parameters.

k k0 k1 k2 k3 ē(k) σe(x;k) ρvm(x),v(x;k)

unit N Ns/km g/m m/s m/s

klit 0.025 3.41 8.7 168 0.45 0.35 0.9898

k̂ 0.030 4.22 76.0 257 0.0073 0.13 0.9943

Table 3.1: Comparison between numerical values for the parameters k of
the road cycling model as taken from literature, klit, and as ob-
tained by calibration, k̂; the error function e (x; k) = v (x; k) −
vm (x) is characterized by the mean error ē (k), the standard de-
viation σe(x;k), and the correlation coefficient ρvm(x),v(x;k).

However, the mean error ē (k) = 1
L

∫ L
0 e (x, k) dx, the standard de-

viation σe(x;k) and the correlation coefficient ρvm(x),v(x;k) in Table 3.1
clearly indicate, that the accuracy of the P-v-dynamics has improved.
Note, that the residual of the cost function J can be expressed in terms
of the mean error ē (k) and the standard deviation σe(x;k) as

J (k) = ē2 (k) + σ2
e(x;k) . (3.5)

In Section 3.4, we demonstrate that the impact of the parameters k0

and k2 on the speed estimation is very small. Thus, small variations
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in the estimated speed can result in a considerable change of the
parameter estimations k̂0 and k̂2. The parameter estimations k̂1 and
k̂3 are more robust. The significant increase in k3, which is related to
the areal resistance coefficients cd and A contributes the major part to
the improvement of the road cycling model accuracy.

Validation Rides on the Test Course

In [60] the experiments were repeated several times on the same level
road in order to obtain empirical standard deviations for the esti-
mated parameters and to show that changes of the experimental con-
ditions have a significant effect on the estimations. As we, in addi-
tion, make use of measurements of the slope profile, we validate our
method on a different cycling course with a road surface that has
similar properties as the calibration course. Using the solution coeffi-
cient vector k̂, we calculate a model estimation for the speed v(x; k̂)

of the rides on the test course and compare it to the measured speed
as depicted in Figure 3.6.
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Figure 3.6: Rides on the test course: speed estimation of the road cycling
model, using literature parameters v(x; klit); measured speed
vm (x); speed estimation using calibrated parameters v(x; k̂).

As indicated by the error measures in Table 3.2, also on the test
course, the match between the measured speed vm (x) and the speed
estimation of the road cycling model v (x; k), using the calibrated pa-
rameters k̂ instead of the literature values klit, is significantly better.

3.4 sensitivity analysis

The influence of the four parameters in k on the model speed estima-
tion is very different. Experience shows that – for a well lubricated
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k ē(k) σe(x;k) ρvm(x),v(x;k)

klit 0.432 m/s 0.350 m/s 0.9958

k̂ 0.038 m/s 0.163 m/s 0.9978

Table 3.2: Error measures for the rides on the test course: absolute mean
error of the speed ē (k); standard deviation σe(x;k); correlation
coefficient ρvm(x),v(x;k).

chain – the term with the parameter k0 in (3.2) is negligible. The
terms with the parameters k1, k2, and k3 depend on the speed only.
Figure 3.7 depicts how these coefficients contribute to the total resis-
tance force which is directly proportional to their contribution to the
acceleration v̇ (x).

Figure 3.7: The contributions of the terms with the parameters k1, k2, and
k3 on the total resistance force Fresist. At v = 4.05 m/s, the in-
fluence of k3 becomes larger than the influence of k1. The coef-
ficient k2 plays a minor role. The right ordinate axis indicates
the slope h′ (x), that causes an equivalent resistance force.

For v < 4.05 m/s the coefficient k1 contributes the largest share to
the total resistance force whereas for higher velocities, k3 is dominant.
The coefficient k2 is in fact negligible for all practical purposes.

The right ordinate axis indicates the contribution of the slope h′ (x)
to the resistance force. Its influence can easily exceed the influence
of the other resistance components. Therefore, the slope of the cali-
bration course may vary, but its magnitude should be moderate and
it must be measured with high accuracy to ensure a successful pa-
rameter calibration. Note that the limitation on the magnitude of the
slope only refers to the calibration course. Once the parameters have
been determined, the model can be applied to steep courses, if precise
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slope data are available for the course. In this situation the gravity
component just becomes more influential.

However, these simple considerations are rather static and do not
allow us to fully grasp how changes in the parameters k affect the
model output speed v (x; k). Therefore, we make use of a local method
of sensitivity analysis and compute the partial derivatives of the model
estimation output ∂v(x;k)/∂k. Eventually, the quantities

ski
(x) =

ki

v

∂v (x; ki)

∂ki
(3.6)

represent the sensitivities of the model output v (x; ki) with respect
to the parameters ki, since they give the relative change of the model
output speed v (x), due to a relative change in the parameters in k. In
case the effect is small, we conclude, that the minimum J(k̂) cannot
be pronounced and hence the calibration method is not robust with
respect to the considered parameter.

Besides, the partial derivatives are very beneficial in the implemen-
tation of our calibration method, because they are required for the
computation of the gradient of our cost function

∂

∂k
(J (k)) =

2
L

∫ L

0
(v (x)− vm (x))

∂v

∂k
dx . (3.7)

The result facilitates gradient-based numerical optimization to solve
(3.4).

In order to derive the partial derivatives, we make use of the the-
orem of implicit functions and define a function f = ( f1, f2)T to be
equal to the left-hand side of (3.2):

f
(
v (x; k) , v′ (x; k) ; k, ℓ, h′ (·) , Pped (·)

)

=

(
P
v2 − k0

P
v2 − (ℓ1 + ℓ3) v′ (x)− ℓ0ℓ1h′(x)

v − k1
v − k2 − k3v

v (x)|x=0 − ℓ2

)

. (3.8)

Furthermore, let

F (k) := f
(
v (x; k) , v′ (x; k) ; k, ℓ, h′ (·) , P (·)

)
∀ k ∈ R

4
+. (3.9)

Then,
F (k) ≡ 0 ∀ k ∈ R

4
+ (3.10)

and all derivatives clearly vanish:

dF

dk
= 0. (3.11)

We apply the chain rule for differentiation and obtain

dF

dk
=

∂ f

∂v

∂v

∂k
+

∂ f

∂v′
∂v′

∂k
+

∂ f

∂k
= 0. (3.12)
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Figure 3.8: The relative parameter sensitivities ski
, defined in (3.15). The

sensitivity sk0
is so insignificant, that it almost coincides with

the abscissa.

The partial derivatives ∂ f
∂v , ∂ f

∂v′ and ∂ f
∂k , can be computed from (3.8).

We obtain four nonlinear, first-order differential equations with four
initial values whose solutions are the sought derivatives ∂v

∂ki
:

(

−
2Pped

v3 +
2k0Pped

v3 +
ℓ0ℓ1

v2 h′ (x) +
k1

v2 − k3

)
∂v

∂ki

− (ℓ1 + ℓ3)
d

dx

(
∂v

∂ki

)

−Ki = 0 (3.13a)

with

∂v

∂ki

∣
∣
∣
∣

x=0
= 0 and Ki =







Pped

v2 for i = 0

1
v for i = 1

1 for i = 2

−v for i = 3

. (3.13b)

Again, the solutions can be computed with the Runge-Kutta method.
Figure 3.8 depicts the relative sensitivities of the model estimation
speed v(x; k̂) with respect to the calibration parameters in k. All sen-
sitivities are negative, since the parameters characterize resistances.

The graph confirms our previous assumption that the influence of
the parameters k0 and k2 is very small.

At the beginning of each ride, the sensitivity of every parameter
vanishes, because the initial speed is solely defined by ℓ2 = v0. In the
course of each ride, the parameters gain influence. The moment of
inertia determines how fast this influence is gained and demands a
minimum length of the course for a sensible calibration. In particular
with a high speed, k3 is the most influential parameter and hence, its
estimation is the most robust.
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Sensitivities and Partial Derivatives of the Speed With Respect to ℓ

The sensitivities sli of the speed estimation of the model with respect
to the parameters in ℓ can be derived in analogy to the derivation of
the sensitivities ski

. First, we derive the differential equations for ∂v
∂ℓi

,
which correspond to (3.13):

(

−
2Pped

v3 +
2k0Pped

v3 +
ℓ0ℓ1

v2 h′ (x) +
k1

v2 − k3

)
∂v

∂ℓi

− (ℓ1 + ℓ3)
d

dx

∂v

∂ℓi
−Li = 0 , (3.14a)

where

∂v

∂ℓi

∣
∣
∣
∣

x=0
=







0 for i = 0, 1, 3

1 for i = 2
and

Li =







m
v h′ (x) for i = 0

v′ (x) +
g
v h′ (x) for i = 1

0 for i = 2

v′ (x) for i = 3

. (3.14b)

Then, we define the sensitivities of the model estimation speed with
respect to the parameters in ℓ in analogy to (3.6):

sℓi
(x) =

ℓi

v

∂v
(

x; ℓi

)

∂ℓi
. (3.15)

Figure 3.9: Sensitivities si of the model estimation speed v(x; k̂) with re-
spect to the parameters in ℓ.
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Figure 3.9 depicts the sensitivities sℓi
for the rides on the calibration

course. At the beginning of each ride, the initial speed ℓ2 is exactly
equal to 1 because for x = 0 the speed is solely defined by the initial
speed v0. However, its influence decreases rapidly and after 200 m the
sensitivity with respect to the gravity factor g = ℓ0 and to the mass
m = ℓ1 reveal the largest impact on v(x; k̂). The moment of inertia
of the wheels, the crank, and the chain, which is represented by ℓ3 is
negligible.

Figures 3.8 and 3.9 allow a direct comparison of the sensitivities of
all parameters of the road-cycling-model.

3.5 conclusions

Our accurate calibration method for the road cycling model requires
only knowledge of the slope profile and measurements of pedaling
power and speed during rides with a road bicycle on a calibration
course. The course may have a moderately varying slope and the cy-
clists is not required to keep a constant speed. Using the calibrated
parameters instead of literature parameters on other than the calibra-
tion course enhances the model prediction accuracy, too.

The method is holistic in the sense that it focuses on the accuracy
of the power-speed-relationship rather than interpreting the results
with respect to the underlying physical phenomena. The latter is
impossible since the relation to the original physical parameters is
partly lost.

Our extension has an accuracy requirement regarding the slope
of the course that is not provided by the current generation of gps-
enabled bicycle computers. But we believe that due to the rapid ad-
vancement of navigation systems, in particular the development of
the Galileo GNSS, our approach will become applicable without ex-
cessive technical equipment in future and could be a practical method
to determine individual resistance parameters in cycling.

On the one hand, due to the sensitivities our estimation method
cannot be robust for k0 and k2, but on the other hand an accurate
estimation of those insensitive parameters k0 and k2 is not essential
for a precise speed estimation, either. The sensitivities demonstrate
that it is legitimate to neglect k0 and k2 – a conclusion that served as
an assumption in [65] and was confirmed by wind tunnel tests in that
contribution.
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A S I M U L AT O R F O R R O A D C Y C L I N G

Performing road cycling experiments in the field is a laborious and
error-prone matter. Environmental conditions such as weather or traf-
fic are subject to uncontrollable change. Cycling courses on which one
may want to train for specific events may be located far away. Sensors
and measuring devices need to be mobile. When recruiting subjects,
it is necessary to keep their efforts at minimum. Usually experiments
need to be done several times and if fatigue is an influencing factor in
an experiment, recovery between two cycling activities is mandatory
and may last several days in case of an endurance time trial on a long
course.

For these reasons a major goal of the Powerbike project was the
development of an indoor simulator that enables conducting experi-
ments in a laboratory environment. The physical setup is based on
a programmable ergometer that measures power output of a cyclist
while imposing an arbitrary force on its eddy current brake. Our
tailored software provides support for the data management that be-
comes necessary when in use.

We point out that there are many commercial cycling ergometers
available for training.1 Some of them also support simulation of rides
on real-world courses whose slope profile are measured by gps. How-
ever, to our knowledge, none of them have the full scientific function-
ality and validation as our simulator. The reason is that commercial
cycling ergometers only need to provide the right look-and-feel to
the consumer with power values that approximately match those on
a specific real-world course. For the industry it is not of highest pri-
ority to prove an exact simulation of the relation between applied
pedal forces and resulting speed on a particular real-world course.
For applications in sport science, however, such a precision may be of
significant relevance, but there does not seem to exist a detailed ac-
count of how to implement the appropriate model equations together
with the respective hardware design.

There are also a few academic cycling simulators. Their focus lies
on the riding experience delivered by virtual reality techniques [21]
and hydraulic platforms [51], or on a realistic feeling with respect to
bicycle stability and vibration [50, 57]. Thus, the applications of these
machines are not in sport science but, e. g., for traffic safety education,
rehabilitation training, and arcade games.

1 Some examples are the CompuTrainer (http://www.racermateinc.com), the Tacx Vir-
tual Reality trainer (http://www.tacx.com), and the Realpower cycling simulator
(http://www.realaxiom.com).
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The hardware and software setup of the simulator is detailed in
Section 4.1. The target is to to control the ergometer brake force at all
times to generate the same resistance as predicted by the mechanical
model for road cycling power (Chapter 2) on real-world courses. For
this purpose, in Section 4.2, we develop another mathematical model
of the physical properties of the ergometer and optimize the brake
control to deliver an accurate resistance in Section 4.3.

The following description of the simulator was published in [32]2.
Here, we add a few comments about features that were realized later
and thus not available at the time, when the validation experiments
in Chapter 5 were conducted.

4.1 simulator setup

The simulator is based on a Cyclus2 ergometer (RBM Elektronik-
Automation GmbH, Leipzig, Germany). It allows to mount the user’s
personal bicycle frame and has a flexible front axle attachment which
is intended to provide a realistic cycling experience, also when riding
out of the saddle.

Some limitations of the simulator setup coincide with limitations
of the road cycling model: The simulation speed is defined by the
rotation of the ergometer flywheel which can only be accelerated by
pedaling and not by braking. Though having an elastic suspension
that allows for a sway due to the pedal stroke, steering and centripetal
forces are not simulated and the flywheel axis is fixed so that there
are no gyroscopic effects. As the ergometer is non-motorized, we
focus on cycling courses without steep descents where braking is less
relevant.

The ergometer is controlled by an external PC-based software at a
2 Hz rate via the standard TCP-IP interface provided by the manu-
facturer. In the slave mode this interface accepts nominal values for
the brake torque which are internally transformed into an appropri-
ate braking action of the eddy current brake. The brake guarantees
non-slipping transmission of a braking resistance up to 3000 W.

In a later version and in cooperation with the manufacturer of the
Cyclus2, we realized a custom designed direct control via the RS-232

interface that allows a sampling rate of 100 Hz. This outstanding rate
is essential for real-time brake control and processing of measurement
data. Also an SRM torque box measuring the crank torque with strain
gauges at a 200 Hz rate has been integrated in the meantime.

An internal sensor measures the rotational speed. Among others,
the quantities elapsed time, distance traveled, cadence, instantaneous
speed, and power can be queried by the interface. The simulator soft-
ware uses this data to compute the nominal brake torque according to
Section 4.3 and sends it back to the interface to control the brake with

2 An earlier version is given in [28].
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the objective to imitate the effects of the actual real-world induced
forces.

Figure 4.1a shows the hardware setup of the Powerbike simulator
together with an inset frame of the display that is exhibited to a user
during an activity. Figure 4.1b is a photograph of a scene where
a cyclist is actively operating the simulator on a real course in our
laboratory.

The simulation includes a frame-by-frame gps-referenced video
playback of the cycling course that is synchronized with the cyclist’s
current position on the course. Overlay widgets are used for instan-
taneous visualization of various course and performance parameters
such as speed, power, acceleration, inclination, and more. Moreover,
the current position of the cyclist on the course and a plot of the
gradient are shown. This visual feedback is displayed during the
simulated rides in the lab using an LCD projection unit onto a large
screen. The cyclist operates electronic push buttons on the handle-
bar to select gears which are simulated by an appropriate resistance
control (see Section 4.3).

Such a simulator requires a very complex software which is written
in C++ using the Qt framework. It offers tools for managing cyclists,
bicycles, and courses with all required individual parameters as well
as cycling activity measurement data from all simulation rides. All
these data need to be entered, processed, stored, and retrieved ef-
ficiently for analysis and visualization in an appropriate relational
data base.

4.2 mathematical model of the ergometer

The road cycling model from Chapter 2 also provides the means upon
which the brake control of our simulator software is based. The ap-
plied brake force is computed as a function of the mechanical friction
parameters, the current speed, and the road slope at the current posi-
tion.

However, the physical properties of the ergometer must be taken
into account, too. These may be formalized using a dynamic sys-
tem, again. In the following primed symbols (·)′ are used to denote
ergometer quantities. On an ergometer, the cyclist pedals with the
power P′

ped against the power of the eddy current brake P′
brake, the

power that causes changes of the kinetic energy of the flywheel P′
kin,

and frictional losses in the chain, factor ζ, which is :

P′
brake + P′

kin = ζP′
ped .

Note that mechanical friction with the simulator is not considered,
since the manufacturer assured that this is already accounted for in
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(a) Simulator hardware setup. In this earlier version the control unit provided by
Cyclus2 and its TCP-IP interface were used to control the ergometer brake. In
a newer version, the personal computer (not shown) is directly connected to
the brake unit via the RS-232 interface. The inset image on the lower right cor-
ner shows a frame of the projection display with a registered video frame and
instantaneous cycling parameters distance traveled, elapsed time, cadence,
pedaling power, slope at current position, heart rate, speed and simulated
gear ratio. Usually the display is not only shown on a computer monitor but
projected on a larger screen as depicted in Figure 4.1b.

(b) Typical scene of a cyclist riding on a simulated realistic course in our labo-
ratory.

Figure 4.1: The Powerbike simulator.
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the internal control of the ergometer brake. In analogy to equations
(2.2) and (2.3), the equilibrium in terms of torques yields

T′
brake + T′

kin =
ζ

γ
T′

ped , (4.1)

and in terms of forces

F′
brake + F′

kin =
ζ

γ

lc
rw

Fped
′ . (4.2)

The mechanical gear ratio γ is fixed to γ = 50/13 when the bicycle
is mounted on the ergometer. Again, one can insert the specific me-
chanical model for the inertial force:

F′
brake +

I′

r2
w

ẍ

︸︷︷︸

F′
kin

=
ζ

γ

lc
rw

Fped
′ . (4.3)

The moment of inertia of the ergometer flywheel I′ = 0.543 kgm2

corresponds to a combined inertial mass of cyclist and bicycle of m′
i =

I′

r2
w
≈ 4.86 kg, which is – as with most ergometers – by far too low.

4.3 mathematical model of the simulator

The design of the simulator is based on the following mathemati-
cal model for which symbols for the quantities of the simulation are
denoted with the additional subscript (·)′sim in order to distinguish
them from the physical ergometer quantities. The ergometer allows
to impose an arbitrary brake force F′

brake (equivalent to a brake torque
T′

brake = F′
brakerw) with a control software that was developed to sim-

ulate real courses. The physical model (2.5) was used to compute a
simulated brake torque T′

sim,brake as the sum of simulated torques due
to gain in potential energy T′

sim,pot, aerodynamic drag T′
sim,air, friction

in the bearings T′
sim,bear, and rolling resistance T′

sim,roll.
Furthermore, simulation of arbitrary gears without any mechani-

cal changes was enabled. For this purpose, the factor γ′
sim was in-

troduced to represent virtual gears and was incorporated into the
formula to control the brake torque T′

brake of the ergometer. The me-
chanical gear ratio remained fixed (γ = 50/13) at all times:

T′
brake =

γ′
sim

γ
T′

sim,brake (4.4)

=
γ′

sim

γ

(

T′
sim,pot + T′

sim,air + T′
sim,bear + T′

sim,roll

)

.

This modification required an adjustment of other simulation quan-
tities in order to fulfill the following two desired conditions. Firstly,
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the power P′
brake that is absorbed by the brake should match the sim-

ulated power for gain in potential energy P′
sim,pot, aerodynamic drag

P′
sim,air, friction in the bearings P′

bear and rolling resistance P′
sim,roll:

P′
brake = T′

brakeω′ (4.5)

= P′
sim,pot + P′

sim,air + P′
bear + P′

sim,roll

= P′
sim,brake

= T′
sim,brakeω′

sim .

Due to (4.4), it followed that the angular speed in the simulation ω′
sim

had to be defined in terms of the angular speed of the ergometer ω′

as

ω′
sim =

γ′
sim

γ
ω′ . (4.6)

Secondly, the power that changes the kinetic energy of the ergome-
ter flywheel P′

kin should match the power due to changes in kinetic
energy in the simulation P′

sim,kin:

P′
kin = T′

kinω′ (4.7)

= P′
sim,kin

= T′
sim,kinω′

sim ,

where T′
sim,kin is the torque responsible for the gain in kinetic energy

in the simulation. Together with (4.6),

T′
sim,kin =

γ

γ′
sim

T′
kin

applies.
As a consequence, the moment of inertia in the simulation I′sim

differs from the moment of inertia of the ergometer flywheel:

I′sim =
T′

sim,kin

ω̇′
sim

(4.8)

=

(
γ

γ′
sim

)2 T′
kin

ω̇′
︸︷︷︸

I′

.

Clearly, I′sim generally does not match the moment of inertia that cor-
responds to the mass of a cyclist, a bicycle, and the inertia of the
bicycle wheels, which is a shortcoming of the simulation. However,
γ = 50/13 was fixed and for most of the time larger than the simulated
transmission ratio γ′

sim. Therefore, for most of the time the moment of
inertia is closer to realistic values than the physical moment of inertia
of the ergometer flywheel. Another technical advantage of the modi-
fication was that the operation of the eddy current brake is improved
since the ratio of the torque T′

brake to be generated and the angular
speed ω′ was smaller than the corresponding simulation quantities
by a factor of (γ′

sim/γ)2.
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Two more physical limitations of the ergometer were partly com-
pensated by the simulation software: Firstly, the maximum torque
T′

brake which the eddy current brake can generate is an approximately
linear function of ω′ which was measured by setting a high nominal
brake torque, pedaling slowly, and recording the brake torque that
was actually generated. During the simulation, whenever a higher
than possible torque is needed, the simulation software takes over
control and decreases γ′

sim until the ratio T′
brake/ω′ is in the valid range

again. If necessary, it decreases γ′
sim even below its minimum of 39/27.

Secondly, the ergometer has no motor, that could accelerate, e. g.,
when rolling downhill. Moreover, due to the unavoidable mechanical
friction, the interface does not allow a nominal brake torque below
values that are equivalent to a pedal force of 50 N. When smaller
nominal values are required, the simulation software changes to a
model-mode, in which the kinetic quantities, i. e., ω′

sim, are computed
by the software using the mathematical model and thus are indepen-
dent of the ergometer quantities. This causes an unavoidable discon-
tinuity of ω′

sim when the nominal brake torque is again high enough
to switch to the normal operation, but to this extent a simulation of
accelerating on a downhill section is possible.

In the experiments of the following Chapter 5, the courses and
pacing strategies were chosen, so that the inertia mismatch and the
partly compensated physical ergometer limitations play only a minor
role.
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M O D E L A N D S I M U L AT O R VA L I D AT I O N

Commercial ergometers are primarily intended for training purposes
and not for scientific studies. Therefore, validations of such simula-
tors including comparisons with corresponding measurements in the
field have not yet been undertaken.

The material of this chapter originates from [32] and focuses on a
comparison of performance parameters measured in the field, on our
lab simulator, and computed by the mathematical model. The state-
of-the-art mathematical model for road cycling from Chapter 2 was
validated in [64] only for flat courses and using only average mea-
surement values. Later in [65], a simplified model was successfully
validated for sprint cycling in a velodrome after the parameters had
been determined from a regression analysis of steady-state data.

This study focuses on two uphill courses with varying steepness.
Specifically, the cyclist’s climbing progress on real outdoor rides on
these courses together with measurements of a power meter is com-
pared to predictions of the mathematical model.

Another contribution is the comparison between performance pa-
rameters measured by the simulator and those calculated by the math-
ematical model. The main purpose of this task is to provide a means
to evaluate the extent to which a lab ergometer ride can accurately
simulate an outdoor ride on real-world courses. Such simulations
may then be used by athletes to prepare for competitions on a spe-
cific course in a laboratory environment.

In order to validate the model with speed or pedaling power data,
the mathematical model is used in two ways:

1. Given the distance measurements x(t) for the duration of a ride,
the corresponding pedaling force Fped(t), respectively pedaling
power Pped (t), is computed by evaluating the left hand side of
(2.5a). These values are then compared with the actual power
measurements provided by the SRM.

2. Given measured or prescribed pedaling power Pped(t) for the
duration of a ride, Equation (2.5b) is resolved for x(t) and v (t)
numerically (using MATLAB’s ode45 function). The derived
values for the speed are then compared with the actual speed
measurements provided by the SRM.

35
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5.1 experimental setup

This section provides the details on the experimental setups of the
performed bicycle rides as well as on the methods for data acquisition,
processing, and analysis of the cycling performance data.

The cyclists used the same standard road race bicycle (Radon RPS
9.0 with a 60 cm frame), both in the field and on the simulator, that
was already used in Chapter 2. The bicycle has a 10-speed cassette
(13–19 and 21, 23, 27 teeth) and is equipped with a GPS-enabled
Garmin Edge 705 bicycle computer, Figure 3.1b, which is configured
to integrate an SRM power meter with 16 strain gauge strips (Scho-
berer Rad Messtechnik, Jülich, Germany, Figure 3.1c) attached to the
chain wheel (50, 34 teeth). The measurements for time, cadence, dis-
tance traveled, speed, and power were recorded.

Two uphill courses of 2.8 km and 4.2 km length, with an ascent
of about 250 m each and varying steepness were considered, namely
Ottenberg and Wachtbüeler Höhe, located near Weinfelden, Switzer-
land, and Hüttlingen, Switzerland, respectively. See Figure 5.1 and
for gradient profiles of the courses. The courses were recorded by a
video camera. The gradient profiles were estimated with a method
that combines measurements of a differential GPS device with those
of a bicycle computer (Garmin Edge 705) that integrates a speedome-
ter, a standard GPS sensor, and an SRM power meter. The bicycle
computer collected measurements of distance, speed, 3-dimensional
GPS coordinates, and pedaling power during a ride on the course.
The details of this method are given in Section 5.2. During field rides
the position across the course was kept constant such that the dis-
tance to the right edge of the course was approximately 1 m.

The two selected courses were ridden by several cyclists of differ-
ing age, weight, sex, and training level, including novice, occasional,

O W

Length 2827 m 4220 m

Start height 438 m 422 m

End height 672 m 680 m

Average gradient 8.3 % 6.1 %

Maximum gradient 15.2 % 12.6 %

Standard deviation of gradient 2.6 % 3.0 %

Table 5.1: Two courses, called Ottenberg (O) and Wachtbüeler Höhe (W),
were chosen for the tests.
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and hobby cyclists as detailed in Table 5.2. Each ride was performed
on the real course as well as with the simulator in the lab. In advance
of each ride, the SRM was calibrated according to the manual in or-
der to compensate for the dependency of the sensors on temperature.
Since the objective of the experiments was to compare the model pre-
dictions for power respectively for speed with the performance on
the road and in the lab, the cyclists were instructed to try to maintain
either a prescribed constant speed or constant power for each run.

Age (yrs.) Weight (kg) Sex Experience

A 57 72.8 male hobby cyclist

B 31 74.4 male occasional cyclist

C 26 83.8 male novice cyclist

D 20 57.7 female occasional cyclist

Table 5.2: Characteristics of the cyclists in the study.

5.2 data acquisition and processing of outdoor mea-
surements

The following data of the courses were measured in order to estimate
the altitude ĥ(x) and the horizontal coordinates, i. e., latitude α̂(x)

and longitude β̂(x) of the course as functions of the distance x. The
procedure accounts for the fact that the accuracy of the slope dĥ/dx

is crucial for a precise modeling and simulation of cycling on a real
course.

Measurement 1: An SRM power meter was used in conjunction
with a GPS-enabled bicycle computer (Garmin Edge 705) while cy-
cling up the courses with a moderate pace. The acquired position
data, i. e., latitude αgps(xi), longitude βgps(xi), and altitude hgps(xi)

can be seen as functions of the sample distances xi, which were
recorded simultaneously by a speedometer. The sampling rate was
1 Hz. The current accuracy of the horizontal coordinates was dis-
played (3–10 m) on the device, which does not allow to record this
information. The accuracy of the altitude is unknown but expected
to be worse than the horizontal accuracy. Obstacles like houses or
trees along the course degraded the GPS reception, but the signal
was never entirely lost. Additionally, the pedaling power P(xi) was
acquired. Overall, measurement 1 provided 3-dimensional position
data with limited precision, distance, and power for the whole course.

Measurement 2: A differential GPS device (Leica GPS900), mounted
on the roof of a car, was driven slowly along the courses. Again,
these measurements provided 3-dimensional positions given by lati-
tude αdgps(j), longitude βdgps(j), and altitude hdgps(j). In addition,
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standard deviations σα(j), σβ(j), and σh(j) for each coordinate and
sample index j were recorded. Again, the sampling rate was 1 Hz
but there was no distance measurement available. Normally, the stan-
dard deviations were in a range of less than a few centimeters. How-
ever, in presence of some obstacles, the signal was degraded or even
lost (see Figure 5.1). Overall, measurement 2 provided 3-dimensional
positional data with high precision but only for sections of the course
where the differential GPS reception was good.

In order to estimate the slope profile of the course these data had
to be fused, i. e., the incomplete but precise differential GPS height
data of measurement 2 should refine the complete but less precise
height data of measurement 1. First the GPS coordinates αgps(xi)

and βgps(xi) were interpolated by means of a 2-dimensional cubic
reference spline s(x) = (α̂(x), β̂(x)) defining the sought horizontal
coordinates as continuous functions of the distance x. Then, those
points of the differential GPS coordinates αdgps(j) and βdgps(j) that
had high quality, i. e., a standard deviation σh(j) < 3 cm, were pro-
jected perpendicularly on the reference spline, so that the distance
of the projected point on the spline to the original measurement
point was minimal. This yielded points s(x(j)) = (α̂(x(j)), β̂(x(j))),
where x(j) is the corresponding distance along the spline. The alti-
tudes for these points were obtained from the precise measurements
as h̃(x(j)) = hdgps(j). The altitudes at the spline support points at
distances xi which are in the segments with precise differential GPS
readings were discarded and replaced by (interpolated) precise mea-
surements h̃(x(j)).

For those course sections where the differential GPS data exceeded
the degradation limit or was unavailable, the slope was estimated
by resolving the model equation (2.6a) for h′ (x) and evaluating it at
distances x = xj using the measured power P(xj) and speed v(xj).
However, as the method estimates only the slope rather than the alti-
tude, the slope was integrated, and the resulting altitude function was
scaled and shifted by constant factors, so that the resulting altitude
h̃ was continuous at the transitions to the sections where differential
GPS data was available. A comparison of this method to the slope
estimate dhdgps/dx on a section of the course, where precise differential
GPS data were available, showed that this slope estimation is more
accurate than the slope estimate dhgps/dx obtained by differentiating
the standard GPS altitude data.

Finally, ĥ(x) was computed as a smoothed cubic spline using the
function csaps of Matlab’s Curve Fitting Toolbox. It minimizes the
functional

J = ∑
j

pw(σh(j))
∣
∣h̃(xj)− ĥ(xj)

∣
∣
2
+ (1 − p)

∫ ∣
∣
∣
d2ĥ

dx2

∣
∣
∣

2
dx ,

where, w(σh(j)) are weights that depend on the standard deviation σh

(in meters) at the sample j and p = 0.05 is a regularization parameter.
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The weights were chosen w(σh(j)) = (1 − σh(j))10 on sections with
differential GPS available. On sections without differential GPS re-
ception, the average standard deviation of σh(j) on the sections with
differential GPS reception was used. These parameters control the
contradictory demands of ĥ(x) being both smooth and close to the
measured data and were chosen after qualitatively and visually in-
specting the result.

Furthermore, a video was taken during another car ride with si-
multaneous GPS measurements using the Garmin Edge 705 again at
a sampling rate of 1 Hz. This allowed to geo-reference each individ-
ual video frame. Likewise, for an arbitrary position on the course
with a given distance from the starting point one may calculate a cor-
responding (fractional) video frame number for display in the simu-
lation setting [82].

In order to compare the measured power or speed during an uphill
ride with the corresponding model prediction each sample point of
the ride had to be assigned the corresponding slope of the course.
The direct method would be to evaluate and differentiate the altitude
function ĥ at the distance xk that was measured at the k-th sample
point.

However, the distances measured with different rides on the same
course differ slightly from each other and from those in the height
profiles because cyclists cannot ride exactly along the same path so
that there is a drift error with distance measurements. For this reason,
the horizontal coordinates of the GPS measurements of each data
point during a ride were projected perpendicularly on the reference
spline s(x) which defines the distance x of the data point that replaces
the distance measurement of the ride. The corresponding slope is
then defined as dĥ/dx evaluated at the obtained distance x.

Comparison of measurements with model prediction

The pre-processing of the data measured in the field provided time se-
ries of vectors with the components: time t, distance x(t), speed ẋ(t),
power Pped(t), and gradient s(x(t)). For evaluating the rides with
constant speed, these values (except Pped(t)), inserted in the left side
of the model equation (2.5b), yield the predicted power for compar-
ison with the measured power. Section 5.3 provides the correspond-
ing graphs and gives correlation coefficients and signal-to-noise ratios
(SNR). The latter are defined as

SNR = 10 log10

MSPped

MSE
dB , (5.1)

where MSP and MSE denote the mean square power amplitude and
the mean square error between the prediction and the actual power,
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respectively, measured in decibel. The percentage p of the variation
of the data that is accounted for by the model is defined by

p = 100
(

1 −
MSE

MSPped

)

% . (5.2)

For evaluating the rides with approximately constant power the roles
of speed and power in the above are reversed and the SNR and per-
centage p is defined accordingly.

The analysis for the data obtained with the simulator proceeds sim-
ilarly. Since the measured speed and power data were automatically
linked to the used height profiles no pre-processing to align gradients
to the measurements was required.

Comparison of simulated rides with outdoor rides

Consider a comparison of the field rides with constant speed with cor-
responding simulations in the lab. A direct comparison of measured
power values is not appropriate because the difference between pow-
er/speed values in the field and in the lab must be attributed to a
combination of two effects. Firstly, there is a difference due to model
prediction errors and simulator precision. This is the desired quan-
tity to be calculated. Secondly, there is a difference in the actual
speed/power that cannot be kept perfectly constant. However, that
part is irrelevant for this study. Thus, a normalization procedure was
required that aligns the rides such that the second source of errors
was eliminated. This procedure for preprocessing the data was car-
ried out in two steps.

1. Again, the distances of the outdoor rides data points were re-
placed by the distance parameter of their perpendicular point
on the reference spline using the horizontal GPS coordinates.

2. For comparison of power output the speed measures in the field
and of the simulator should be identical, but naturally they dif-
fered. The mathematical model was used to estimate the power
output both in the field and in the lab assuming the preset con-
stant speeds, e. g., v⋆ = 10 km/h.

The compensation for variable speed proceeds as follows. At each
point in time the model for the field and the simulator, respectively,
predicts a pedaling power Pm

ped = Pm
ped(x(t), ẋ(t), ẍ(t)). For constant

prescribed speed v⋆, however, the model would predict at that same
location of the course a value of P⋆

ped = Pm
ped(v

⋆t, v⋆, 0). The mea-
sured power was compensated for the mismatch of the speed simply
by multiplying with the factor P⋆

ped/Pm
ped. The compensation must

be applied to the measured data from both the field and the simu-
lation. The resulting time series are denoted the normalized power
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sequences. The procedure for rides with attempted constant power
is likewise, normalizing the speed to exactly constant power. The re-
sulting normalized power resp. speed was then compared using the
same methods as described in the last subsection.

5.3 results

Table 5.3 provides a comparison of the contributions to the various
model components of the overall work required to perform the ride
of cyclist A at approximately constant speed (v⋆ = 10 km/h) on the
Ottenberg. These include the average powers that account for gain
in potential energy P̄pot, aerodynamic drag P̄air, frictional losses in
wheel bearings P̄bear, rolling friction P̄roll, and gain in kinetic energy
P̄kin. The average power was 207.4 W and the total work was 57.6 Wh.
It is clear that the fraction due to overcoming the potential energy P̄pot

is dominant while the others are small (P̄air, P̄roll) or even negligible
(P̄bear, P̄kin).

Power Average power Percentage

P̄pot 190.4 W 91.8%

P̄air 7.5 W 3.6%

P̄bear 0.3 W 0.1%

P̄roll 9.2 W 4.4%

P̄kin 0.0 W 0.0%

total 207.4 W 100.0%

Table 5.3: Distribution of power for a ride up the Ottenberg (2.827 km,
234 m altitude) at 10 km/h requiring a total time of 16 min 39 s
and a total energy of 57.6 Wh.

The main results are presented by four representative bicycle rides
that cover different subjects, courses, and pacing strategies both out-
doors on a real course and indoors on the simulator by the same
cyclists, using the same pacing. Two of these selected rides were per-
formed with approximately constant speed v⋆ and power was com-
puted using the model. For the third and fourth one, having approxi-
mately constant power P⋆, the speed was computed. In each case the
computed quantity is plotted against the measurement data.
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The left plots in Figures 5.2, 5.3, and 5.6 show field measurements
and model predictions, simulator measurements and model predic-
tions, and normalize field and simulator measurements, respectively.
The intermediate Figures 5.4 and 5.5 compare simulator and field
measurements before the normalization had been performed, thus
containing an error that is induced by the inability of the cyclists to
maintain exactly the same pacing indoors and outdoors.

The right plots in each figure show density functions of the distri-
butions of the differences between these pairs of signals.

The tables at the bottom in Figures 5.2–5.4, and 5.6 characterize the
deviations of the model predictions and measurements by giving the
correlation coefficient ρ, the mean error me, the standard deviation of
the error σe, the signal-to-noise ratio SNR as defined in (5.1), and the
percentage p of the variation of the data accounted for by the model
given by (5.2).

5.4 discussion and conclusion

The discussion is organized in three parts: the comparison of the
model predictions with the measurements in the field, with those in
the lab, and the comparison of the performance in the field with that
in the lab.

Comparison of measurements in the field with model predictions

The results in Figure 5.2 show that the mathematical model describes
the dynamics of power output on an uphill course with good preci-
sion. The signal-to-noise ratio was 19.7–23.9 dB and 98.9 to 99.6% of
the variation of the measured power over the course was accounted
for by the model.

The density functions of the power and speed errors show a hat-
shaped form which can be well characterized by the mean values me

and the standard deviations σe. Yet, outliers due to systematic errors
which occurred occasionally, slightly exceed the standard deviation
one might expect from the visual impression of the density functions.

For the first ride, me and σe made up 4% and 9% of the average
power given in Table 5.3. The mean error of the predictions may be
due to several factors: the physical model parameters could have been
not sufficiently precise. The parameters from Table 2.1d were taken
from the literature and should be adapted for the bicycle, the courses,
and the cyclists as detailed in Chapter 2. Others were measured with
errors (see Section 3.2 for a discussion of the accuracy of the SRM
power meter.). Together with the unknown measurement error of the
speedometer this could explain part of the error.

As gravity was responsible for the major part of the overall re-
sistance, a small measurement error of the mass could introduce a
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significant bias, too. For the first ride, the observed bias of 8.0 W
would be compensated for, if the mass of the rider was assumed to
be 69.5 kg instead of 72.8 kg. Although this is too much of a difference
to attribute the mean error solely to the inexactness of the used com-
mercial scales, the sum of all propagated measurement errors can be
expected to produce mean errors in the range of the observed values.

Besides the measurement error of the power meter respectively the
speedometer, it can be assumed that the main source of the standard
deviation of the model prediction error was due to errors in the mea-
surement of the road gradient. These errors in the slope measurement
are due to a combination of errors of the distance measurement, the
horizontal GPS coordinates, and the differential GPS coordinates. In
road sections where the model was used to determine the gradients,
errors of the speedometer and the power meter measurements could
cause errors in the resulting gradients, too.

An a-posteriori re-computation of the gradient using the model
and the measured values for power and speed of the first ride (Otten-
berg, average gradient 8.3 %) yielded a modified gradient which, by
construction, leads to model prediction errors that completely vanish
for that ride. These modified gradients are on average 0.13 % lower
than the measured gradients, i. e., the mean modified gradient was
8.17 %. The standard deviation of the difference between the com-
puted and the measured gradients was 0.81 %. Assuming a sampling
distance of approximately 3 m, the standard deviation of 0.81 % of the
measured gradient values corresponds to about 2.4 cm deviation in
height difference measurements between two adjacent sample points.
This is in the range of the standard deviation estimated by the Leica
GPS900 for good signal reception. Therefore, this rough and simpli-
fying analysis indicates that the observed model prediction errors are
approximately in the range that can be expected due to measurement
errors in differential GPS altitude.

Comparison of simulator measurements with model predictions

The measurements of power and speed on the simulator agreed very
well with the mathematical model predictions with a signal-to-noise-
ratio ranging from 23.2–27.4 dB, see Figure 5.3. In contrast to the
above the causes for artifacts cannot be explained by insufficiencies
of the mathematical model since it is the model itself which was im-
plemented in the simulator.

Apart from errors induced by the brake force generation and the
speed measurement of the ergometer, small deviations were due to
the different numerical implementation of the simulator and the model
prediction. The simulation software has a fixed sampling rate of 2 Hz
and future values of speed and distance for the computation of the
gradient and the acceleration for the next sampling period are un-
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available. In contrast, for the model predictions Matlab’s ode45 func-
tion was used which includes the computation of variable step sizes
based on accuracy estimations.

There were two more technical sources of error: Firstly, a change
of the electronic gears causes a small jump of the speed according
to (4.6), which does not occur when shifting real gears. If power is
computed by the model using the speed measurement, this speed
jump represents an acceleration that will produce a corresponding
short term power due to the change of the kinetic energy of the sys-
tem. Secondly, when the minimal nominal pedal force fell below the
50 N threshold, as described in Section 4.2, the simulator switched
to its model mode in which the speed was solely computed by the
model and decoupled of the physical rotation speed of the ergometer.
Hence, switching between normal and model mode again caused a
speed jump and a corresponding power prediction. However, with
the setup of the rides presented in this paper, these situations were
rare. Such errors can been seen in road sections where the model
mode is active, i. e., in the first ride at 2.55–2.60 km and in the second
ride at 1.82–1.94 km and 4.04–4.13 km.

The density functions of the error were again hat-shaped with val-
ues for the mean and the standard deviation less than with the com-
parison of model prediction and SRM field measurements. The accu-
racy of the power measurements after ergometer calibration by the
manufacturer is claimed to be ±2 % for a power larger than 100 W,
[1]. Related to the average power of the first ride, this is equivalent to
±4.1 W and could already explain a substantial part of the error.

Comparison of simulated rides with outdoor rides

The (normalized) performance parameters in the simulations were
only partly similar to those in the field, with a range of 14.1–19.6 dB
in SNR. The curve in Figure 5.4 shows the best result (cyclist A) only.
As in the previous figures, quality measures to compare the similarity
of outdoor and simulator ride are given for all rides in the table below.

However, part of the deviations were caused by the inability of the
cyclists to cycle with exactly the same speed/power in the field and
on the simulator, see Figure 5.5. The extent of this contribution to
the overall error depends on the cyclist and may decrease with expe-
rience. Moreover, it is irrelevant for the research question on hand to
ask to what precision a lab simulation can reproduce real-world con-
ditions for a given course in the field. In order to compensate for this
irrelevant error, the normalization, as proposed in Section 5.2, was
applied and yielded the comparison depicted in Figure 5.6.

The signal-to-noise ratios of 19.5–24.6 dB and all other error mea-
sures for the normalized measurements were very similar to those of
the comparison of model predictions and SRM field measurements.
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This is not surprising because the model prediction was much closer
to the simulator measurements than to the SRM field measurements.

However, the discrepancy of measurement values of power meter
devices as illustrated in Section 3.2 is a further source of error that
must be considered when power measured by the simulator is com-
pared to power measured by the SRM.
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Figure 5.1: Gradient s(x) = tan(arcsin(dh/dx)) versus distance of the
courses Ottenberg (top) and Wachtbüeler Höhe (bottom). In
the sections, where the line is black, a differential GPS signal
with a standard deviation of σh < 3 cm is available and used
for the computation of the gradient. In the sections, where the
line is gray, the signal reception is degraded due to obstacles
like houses and trees and the gradient is estimated using the
mathematical model and measurements of power and speed as
described in Section 5.1.
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Cyclist A B C D

Condition v⋆ = 10 km/h v⋆ = 11 km/h P⋆ = 160 W P⋆ = 150 W

Course O W O W

ρ 0.97 0.98 0.96 0.99

me 8.0 W 4.9 W 0.41 km/h 0.17 km/h

σe 19.1 W 20.0 W 0.65 km/h 0.73 km/h

SNR 20.6 dB 19.7 dB 19.9 dB 23.9 dB

p 99.1% 98.9% 99.0% 99.6%

Figure 5.2: Field rides versus model predictions. In the left plots the gray lines
give the power resp. speed SRM measurements. The solid lines show
the corresponding predictions of the model. The right plots show
the distribution of the prediction error signal, defined as the pre-
dicted power resp. speed minus the measured power resp. speed.
The prediction errors are analyzed in the table. ρ is the correlation
coefficient, me is the mean prediction error, σe is the standard devi-
ation of the prediction error, SNR is the signal-to-noise ratio, and p
the percentage of variation explained by the model. Note that in the
first two lines power is compared, while in the last two lines speed
is compared.
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Cyclist A B C D

Condition v⋆ = 10 km/h v⋆ = 11 km/h P⋆ = 150 W P⋆ = 160 W

Course O W O W

ρ 0.99 0.99 0.99 0.99

me 4.9 W 4.7 W 0.06 km/h 0.02km/h

σe 7.5 W 9.3 W 0.41 km/h 0.87 km/h

SNR 27.4 dB 25.1 dB 25.2 dB 23.2 dB

p 99.8% 99.7% 99.7% 99.5%

Figure 5.3: Model versus simulated rides. In the left plots the gray lines give the
power resp. speed prediction of the model. The solid lines show the
measurements of the simulator. The right plots show the distribution
of the error signal, defined as the simulator power resp. speed minus
the modeled power resp. speed. The errors are analyzed in the table.
ρ is the correlation coefficient, me is the mean prediction error, σe is
the standard deviation of the prediction error, SNR is the signal-to-
noise ratio, and p the percentage of variation explained by the model.
(Since starting with v = 0 causes large errors during the acceleration
phase at the beginning, the first 4 s of the data were cut off and
ignored.)
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Cyclist A B C D

Condition v⋆ = 10 km/h v⋆ = 11 km/h P⋆ = 160 W P⋆ = 150 W

Course O W O W

ρ 0.96 0.97 0.90 0.94

me 1.5 W -2.0 W -0.54 km/h 0.67km/h

σe 22.4 W 23.5 W 1.41 km/h 2.21 km/h

SNR 19.6 dB 18.2 dB 14.1 dB 14.6 dB

p 98.9% 98.5% 96.1 96.6%

Figure 5.4: Field versus simulator ride of cyclist A. In the left plot the gray line
gives the power measured by the SRM. The solid line shows the
measurement of the simulator. The right plot shows the distribution
of the error signal, defined as the simulator power minus the SRM
power. The errors are analyzed in the table for all rides. ρ is the cor-
relation coefficient, me is the mean error, σe is the standard deviation,
SNR is the signal-to-noise ratio, and p the percentage of variation
explained by the model. (Since on the simulator starting with v = 0
causes large errors during the acceleration phase at the beginning,
the first 4 s of the data were cut off and ignored.)

Figure 5.5: Field versus simulator ride of cyclist A. The left plot shows the
actual speed when the cyclist tried to maintain a constant speed
of 10 km/h both in the field and on the simulator. The right
plot shows the distribution of the difference signal, defined as
speed on the simulator minus speed in the field. (Since on the
simulator starting with v = 0 causes large errors during the
acceleration phase at the beginning, the first 4 s of the data
were cut off and ignored.)
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Cyclist A B C D

Condition v⋆ = 10 km/h v⋆ = 11 km/h P⋆ = 160 W P⋆ = 150 W

Course O W O W

ρ 0.98 0.98 0.98 0.99

me 7.5 W 4.8 W −0.45 km/h 0.12 km/h

σe 18.5 W 19.0 W 0.66 km/h 0.72 km/h

SNR 20.9 dB 20.1 dB 19.5 dB 24.6 dB

p 99.2% 99.0% 98.3% 99.7%

Figure 5.6: Field versus simulator rides (for normalized measurements). In the
left plots the gray lines give the power resp. speed measured by the
SRM. The solid lines show the measurements of the simulator. The
right plots show the distributions of the error signals, defined as the
simulator power minus the SRM power. The errors are analyzed
in the table. ρ is the correlation coefficient, me is the mean error,
σe is the standard deviation, SNR is the signal-to-noise ratio, and
p the percentage of variation explained by the model. (Since on
the simulator starting with v = 0 causes large errors during the
acceleration phase at the beginning, the first 4 s of the data were cut
off and ignored.)
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6
P H Y S I O L O G I C A L M O D E L S

Naturally, the energy resources and maximum available pedaling
power of a cyclist are limited by complex physiological mechanisms
of the human body. In this chapter, we review and develop variants
of whole-body bioenergetic models for human physical activity that
are able to quantify the energy reserves and power limits under time-
variable demand of pedaling power.

Human physical power is generated by four energy sources listed
in the order of fast to slow recruitment and little to huge capacity:
ATP and creatine phosphate (anaerobic alactic energy), glycolysis
(anaerobic fermentation of glucose to lactic or pyruvic acid), oxida-
tion of glucose or glycogen, and oxidation of lipids, [71, 10].

The slightly modified 3-component Morton-Margaria-Model in Fig-
ure 6.1, [72, 71, 11], depicts the dynamics of these components. The
aerobic metabolism (O2) is represented as a whole by the left reser-
voir, whereas the right reservoir constitutes glycolysis (gly). Both are
indirect sources since they must be converted to anaerobic alactic re-
source (ATP) before the mechanical energy is produced. The fixed
parameters E(·) and χ(·) stand for the capacities of each resource and
their geometric constitution, respectively. The fluid levels e(·) are the
metabolic state variables of the dynamical system. The dynamics fol-
low the principle of communicating pipes to a large extent. Addition-
ally, the rate of the biochemical processes is limited by the diameter
of the pipes that connect the reservoirs, which lead to the power con-
straints P(·).

The complete 3-component Morton-Margaria-Model has not been
successfully calibrated since most of the internal states are inacces-
sible by measurements. Typical methods from athletic performance
diagnostics perform standardized ergometer test protocols to deter-
mine parameters such as the lactate threshold or the maximum oxy-
gen consumption V̇O2max that characterize the physiological capabil-
ities of an athlete. However, these parameters have no one-to-one
mapping to the parameters of the Morton-Margaria model. Other ap-
proaches analyze and compare different methods to estimate only a
single parameter, e. g., the anaerobic capacity in [55], using heart rate,
spirometry, and lactate measurements as well as subjectively sensed
exhaustion on a bicycle ergometer. Moreover, system identification
methods were applied to predict heart rate and oxygen consumption
for the purpose of implementing control systems for their automatic
regulation during aerobic treadmill exercise, [85, 86].

53
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Figure 6.1: The 3-component Morton-Margaria-Model [71] with a modifi-
cation proposed in [11].

Our primary goal is to combine simplified physiological models
with the mechanical model from Chapter 2 and compute minimum-
time pacing strategies for cycling time trials in Chapter 7. Therefore,
we present the following bioenergetic models as mathematical mod-
els in the form of dynamical systems as they are needed to formulate
the optimal control problem later.

In the preceding chapters, the symbol Pped was used to denote the
pedaling power. As with physiological models there are no other
power quantities that need to be distinguished from the pedaling
power, we omit the subscript and use only the symbol P.

6.1 constrained total mechanical work

A particularly simple idea to limit the power supply of a cyclist is to
limit the total mechanical work W that he may consume during a ride
by the path inequality constraint

0 ≤ w (t) ≤ W, (6.1)

where w (t) denotes the remaining mechanical energy at any time
t ∈ [t0, tf] between the initial time t0 and the final time tf of an activity.

Thus, the fundamental physical relationship between power and
work defines the model dynamics:

ẇ = −P (t) . (6.2)

Usually the cyclist is rested at the beginning of a ride, i. e., his
resources are filled with the fixed amount W:

w|t=t0
= W , (6.3)
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whereas – aside from the limits in (6.1) – the terminal energy w|t=tf

is free.
We neglect that the cyclist may have to brake, thus a negative ped-

aling power that could increase the remaining mechanical energy due
to (6.2) is not allowed and we define Pmin = 0 W. The power that a
cyclist is able to perform is limited by the maximum power Pmax:

Pmin ≤ P (t) ≤ Pmax . (6.4)

For the simplistic model considered here, it is reasonable to assume
that the maximum power Pmax is just a constant. In the following
models, the maximum power may be a function of the remaining
energy resources.

6.2 3-parameter critical power model

The idea of fixed available mechanical energy can be replaced by
more complex physiological models. The most prominent is the crit-
ical power model [66]. In that study, experiments that required con-
stant power were performed and a hyperbolic relationship between
the power load P and time to exhaustion T of a synergetic muscular
group was observed as sketched in Fig. 6.2.

Two characteristic parameters describe the capability of the mus-
cle. The critical power Pc is the highest constant power that, in the-
ory, may be hold for an infinite time and is attributed to the aerobic
metabolism. If the load exceeds the critical power, then the time to ex-
haustion is finite. The excess work is taken from the limited anaerobic
resources of the muscle.

In Figure 6.2, each point corresponds to an exercise at constant
power load P that is terminated due to exhaustion at time T. The
total work performed is Etot = PT.
Plotting Etot against T for several exercises at different work loads
reveals the straight dashed line in the lower diagram whose ordinate
intercept is defined as anaerobic capacity Ea and whose slope is de-
fined as the critical power Pc, i. e.,

Etot = PT = Ea + PcT . (6.5)

Resolving for P yields

P =
Ea

T
+ Pc (6.6)

and leads to the hyperbola in the upper diagram.
In [67], the model was extended towards whole-body exercises. As

of today, the critical power concept is a constituent part of many hu-
man physical fatigue models for specialized applications. A review
on whole-body bioenergetic models that are related to the critical
power concept is given in [71]. However, even the existence of critical
power is subject of controversial discussion in sports science.
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Figure 6.2: The critical power concept: Constant power load experiments
reveal a hyperbolic relationship between power load P and time
to exhaustion T (upper diagram) and an affine relationship be-
tween total work Etot and T (lower diagram).

The 3-parameter critical power model, introduced in [70] is a promi-
nent extension of the critical power concept. One may achieve a max-
imum power limit by shifting the time-axis so that it intersects with
the hyperbola as shown in Figure 6.3. This transformation is equiva-
lent to a substitution of T by T − T∞ in (6.6):

P =
Ea

T − T∞
+ Pc (6.7)

with

T∞ =
Ea

Pc − Pmax
. (6.8)

Resolving for T yields

T =
Ea

P − Pc
+

Ea

Pc − Pmax
. (6.9)

It is particularly interesting for our application since in contrast
to the original critical power model, it limits the maximum available
pedaling power. Its extension towards time-varying power demand is
straightforward, thus we may express it in the form of a constrained
dynamical system in analogy to Section 6.1.

The amount of remaining mechanical energy in 6.2 is replaced by
the state of the remaining anaerobic energy resources ea, which is
capped by the anaerobic capacity Ea:

0 ≤ ea (t) ≤ Ea . (6.10)
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Figure 6.3: Shifting the time axis of the upper diagram in Figure 6.2 so that
the hyperbola intersect the power axis at maximum Power Pmax

leads to the relationship (6.7) between power load and time-to-
exhaustion of the 3-parameter critical power model: Resolving
for T yields (6.9).

The rate ėa accounts for the fact that the anaerobic resources decline
only for power demands above the critical power:

ėa (t) = Pc − P (t) . (6.11)

In case P < Pc even recovery of the anaerobic resources is possible.
To replace (6.3), initially the resources are filled with the amount of

the anaerobic capacity Ea:

ea|t=t0
= Ea . (6.12)

Again, one may choose the minimum and maximum available pedal-
ing power to be constant as in (6.4):

Pmin ≤ P (t) ≤ Pmax . (6.13)

However as motivated in [68] and [70], it seems more reasonable that
the maximum available pedaling power Pm is not constant, but de-
creases linearly with the remaining anaerobic capacity ea:

Pmin ≤ P (t) ≤ Pm(ea) = Pc +
Pmax − Pc

Ea
ea (t) . (6.14)

This implies that at rest the maximum power Pm = Pmax as before,
but when all resources are depleted, Pm = Pc, and the cyclist cannot
produce more than the critical power that is allocated by his aerobic
metabolism.

The final remaining anaerobic capacity ea|t=tf
is free.

It is convenient to depict the dynamics of the metabolism as a hy-
draulic system as shown in Figure 6.4.
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Figure 6.4: The 3-parameter critical power model, depicted as a hydraulic
model [70]. The black line connects a sensor of the fluid level ea

in the anaerobic reservoir Ea to the size of its outlet according
to the power constraint (6.14). This outlet determines at what
rate P ≤ Pm the athlete can withdraw energy on demand by
a control dial. Pc and Ea symbolize the critical power and the
total anaerobic work capacity, respectively.

For constant load power P > Pc we complete the derivation given
in [70]. In this condition the remaining anaerobic resources decrease
linearly with time

ea (t) = Ea − (P − Pc) t .

According to (6.14) the maximum power Pm decreases and exhaustion
occurs at the time when Pm reaches the constant load power P :

Pc +
Pmax − Pc

Ea
(Ea − (P − Pc) T) = P . (6.15)

Resolving (6.15) for T reproduces (6.9) exactly.

Parameter estimation

An approach to determine the parameters Pc, Ea from ramp test on
an ergometer can be found in [69]. The ramp starts at a low power Ps,
which is increased at a constant rate s:

P = Ps + st .

The performed work during the test can be calculated from (7.30) and
is equal to the size of the gray area in Figure 6.5:

Etot =
∫ T

0
P dt =

∫ T

0
Ps + st dt (6.16)

= TPs +
1
2

sT2 .

Expressed in terms of Ea, Pc, there is another formula for the total
energy:

Etot = Ea + PcT −
(Pc − Ps)

2

2s
. (6.17)
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Figure 6.5: Graph of P (t) of a ramp test with P = Ps + st. The subject
is exhausted at t = T and cannot hold the prescribed cadence
anymore. The gray area quantifies the total work from (6.16).
The triangular part above Pc represents the anaerobic capacity
Ea.

Setting (6.16) equal to (6.17) leads to a quadratic formula which
may be resolved for T yielding

T =
Pc − Ps

s
+

√

2Ea

s
, (6.18)

which is the only physically reasonable solution. This formula serves
as a predictor for the time to exhaustion given the two parameters Pc

and Ea. If we perform 4 tests, we obtain a nonlinear equation system
with 4 equations and 2 unknowns for which an optimal fit may be
obtained by nonlinear regression methods.

The maximum power Pmax may be determined by a standard isoki-
netic Maximum Strength Test, [1].

6.3 gordon’s exertion model

A modification of the 3-parameter critical power model was proposed
in [45]. It replaces ea by another state variable eex that represents
exertion. It is defined as the reciprocal of time to exhaustion adopted
from (6.9), where variable power P is allowed. We follow that idea
but scale eex by the constant factor -Ea to meet our convention that
upon depletion it decreases from Ea to 0 instead of increasing from 0
to 1:

ėex (P) = −
Ea

T
=

(Pmax − Pc)(Pc − P)

Pmax − P
. (6.19)

The graph of (6.19) is drawn in Figure 6.6. With higher power re-
quirement, the negated exertion rate grows disproportionately high,
matching the common expectation that any time variable load with
average power P̄ exhausts the human body more than a constant P̄

load for the same amount of time. Note further that below Pc, the
mathematical formula (6.19) defines a recovery rate, although time
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P

−ėex

Pc Pmax

Figure 6.6: Graph of the exertion rate ėex in (6.19) as a function of power
P.

to exhaustion is not defined in that case. Nevertheless, the smooth
extension seems to be a reasonable choice to quantify recovery.

Equation (6.19) quantifies the decrease of the anaerobic resources
instead of (6.11).

The initial condition that a cyclist is rested at the beginning,

eex|t=t0
= Ea ,

and the inequality constraints

0 ≤ eex (t) ≤ Ea (6.20)

may be transfered from (6.12) and (6.10). The terminal value eex|t=tf

is free again.
A maximum power constraint is already implicitly included, since

the exertion rate approaches infinity for P . Pmax but may be re-
quired for numerical algorithms in Chapter 7. We may choose Pmax

as an upper limit without affecting the model. Furthermore, we ex-
clude a negative pedaling power:

Pmin ≤ P (t) ≤ Pmax , (6.21)

with Pmin = 0 W.

6.4 4-parameter exertion model

In this section, we define the 4-parameter exertion model, that arises
from a combination of the 3-parameter critical power model and the
exertion model of the previous sections. Our aim is to combine the
advantages of both models and introduce an additional parameter
that allows another degree of freedom.

Our considerations are not only based on physiological reasoning
but take our experiences to compute minimum-time pacing strategies
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using the previous models (Sections 7.4 and 7.5) into account. These
aspects will be presented in the discussion together with the numeri-
cal results for minimum-time pacing strategies in Section 7.6.

With high intensity power, waste products of the anaerobic metabo-
lism increasingly impede the power production in the muscle. There-
fore, for our new model we prefer the disproportionately increasing
exertion rate of Gordon’s exertion model in (6.19) to the linear rate
in (6.11) of the 3-parameter critical power model. However, with an
appropriate maximum power constraint, it is not necessary that this
nonlinear exertion rate grows to infinity pretending that the athlete is
completely exhausted when he applies the maximal pedaling power
just for a moment.

We seek a modification of the definition of the exertion rate ėex in
(6.19) that reduces the rate for high intensity pedaling power. It is
supposed to take a finite value at P = Pmax that is still the global
maximum rate in the admissible interval [0, Pmax]. For moderate in-
tensities the exertion rate should remain roughly unchanged. We may
imagine the pole in the graph at a very high hypothetical pedaling
power P∞ ≥ Pmax, that in practice can never be achieved due to the
maximum power constraint. The definition of an exertion rate

ṙ (t) = α
(Pmax − Pc)(Pc − P)

αPmax − P
(6.22)

with α ≥ 1 achieves these requirements and adds a fourth steering
parameter α to the model. The graph of (6.22) for α = 1, . . . ,5 is
plotted in Figure 6.7. On visual inspection, α ≈ 3 appears to be a
reasonable choice that accounts for the demands above.

Moreover, it seems reasonable that in an already partially exhausted
state, the maximum available instantaneous power is on a lower level
than at rest. For this reasons, we transfer the variable power con-
straint from (6.14) with ea replaced by the symbol r, that represents
the anaerobic resources in our new model:

Pmin ≤ P (t) ≤ Pm(r) = Pc +
Pmax − Pc

Ea
r . (6.23)

Again, the initial condition that a cyclist is rested at the beginning,

r|t=t0
= Ea ,

and the inequality constraints

0 ≤ r (t) ≤ Ea (6.24)

are transfered from (6.12) and (6.10). The terminal value rex|t=tf
is

free again. One may think of a model calibration that involves a
series of ergometer tests and uses numerical optimization methods to
find an optimal set of the four parameters. The performance criterion





7
M I N I M U M - T I M E PA C I N G S T R AT E G I E S

One major research question of this thesis lies in the computation of
optimal pacing strategy that assists the athlete to complete a specific
course in minimum time. Mathematically, this can be formulated as
an optimal control problem, where pedaling power P is the control
variable to be optimized and time to complete the course tf is the cost
functional.

Approaches to minimum time pacing strategies for cycling time
trials (and other disciplines such as running) have been addressed
in numerous publications. Some of them discuss pacing strategies
phenomenologically or focus on a statistical analysis of real world
data and heuristic strategies. The following contributions are closely
related to our work, in the sense that they use mechanical and physi-
ological models to compute the optimal pacing as a function of time
or distance on a course: [2, 6, 5, 7, 10, 11, 16, 45, 56, 63].

However, none of the above mentioned approaches seems to be ap-
plicable in a situation where the optimal pacing strategy is sought for
an individual cyclist on a realistic course, which is our target applica-
tion. These approaches commonly suffer from several of the follow-
ing shortcomings:

[2, 5, 6, 7, 10, 11, 16, 45, 56, 63]
Proper calibration methods assumed, the road-cycling model from

Chapter 2 provides good accuracy. However, the model is often sim-
plified, e. g., completely flat courses [10, 11, 56] or piecewise constant
synthetic gradient profiles[7, 16, 45] are assumed. Yet, even when a
height profile of a cycling course is measured using a common bicycle
gps computer, the accuracy of the slope is insufficient[2, 5, 6, 63].

The physiological model, which quantifies the endurance of a cy-
clist clearly is the bottleneck of the problem, since the physiologi-
cal processes that determine the availability of pedaling power are
not completely understood and prone to disturbing factors that influ-
ences human performance. A variety of models exist, but only very
simple ones have been used so far to compute minimum-time pacing
strategies[2, 5, 6, 7, 45, 56, 63]. The models were not calibrated for
an individual cyclist using measurements of physiological indicators
such as heart rate or variability, respiratory gas exchange, or lactate
measurements[2, 5, 6, 7, 10, 11, 16, 45, 56, 63]. In this thesis, we com-
pute optimal pacing strategies using the physiological models from
Section 6.4, on real-world courses with complex height profiles.

Mathematically, the minimum-time pacing strategy is the solution
of an optimal control problem. Many contributions avoid the math-

63
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ematical complexity by neglecting inertia[5, 6, 7, 45] or imposing ad-
ditional constraints[5, 6, 7, 16] in order to simplify the solution. Only
Behncke and Andreeva [2, 11, 10] really apply optimal control the-
ory to the problem. Though published in earlier years, this work is
almost ignored in recent contributions, which might be due to the
mathematical complexity of optimal control theory and the mainly
qualitative character of their mathematical analysis.

This chapter summarizes our publications [25, 33, 93, 81, 30]. Re-
cent progress has been submitted as an abstract, [27], that will be
extended to a full paper in September 2016.

The following Section 7.1 gives an overview of state-of-the-art nu-
merical methods and software for optimal control problems, which
we make use of in the succeeding computations.

Section 7.2 summarizes the exact version of the mechanical road cy-
cling model and the parameters as they are used for the computations
in this thesis1.

Thereafter, we consider several problem setups and solve them us-
ing the Matlab Package GPOPS-II [76]. In essence, for each problem
setup the physiological model is exchanged and refers to one of the
models discussed in Chapter 6.

7.1 numerical optimal control

Since the 1990s, methods for computational optimal control have
become a major research topic, since both computing power and
the demand for complex solutions in engineering applications grew
rapidly. Before, optimal control problems were solved mainly by in-
direct methods, i. e., the calculus of variations was used for deriving
a corresponding multi-point boundary value problem. Numerical
methods such as multiple shooting were applied to obtain candidate
optimal trajectories.

Meanwhile, those software implementations that make use of a
direct transcription of the continuous optimal control problem to a
nonlinear programming (NLP) problem have been established as the
standard method due to the advantages that less knowledge of the
theory and less intuition for an initial guess are required. In addition,
mature numerical software to solve NLP Problems (e. g., IPOPT [14]
or SNOPT [43]) can be utilized to solve the discretized problem, [12].

Moreover, spectral collocation methods have improved the efficien-
cy of direct transcription vastly. These methods approximate the state
and control variables using global polynomials. Advanced adaptive
mesh refinements may split the state and control functions into pieces
prior to that. For smooth functions, this approximation is known to

1 As mentioned in the text, some numerical results are adopted from previous publi-
cations. Their parameter values for the mechanical model may differ slightly.
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converge spectrally, that means faster than any power of the number
of collocation points used.

This promising combination of computational methods has led to
the development of quite a number of general purpose optimal con-
trol software packages – both commercial and open-source (SOCS
[13], DIRCOL [88], GESOP/ASTOS [42], OTIS [49], RIOTS [83], DIDO
[79], ACADO [53, 80], MISER [44], DYNOPT [23], GPOPS [76], OPT-
CONTROLCENTRE[54], PROPT [80], and PSOPT [9]).

In [17], the software packages ACADO, GPOPS and PROPT have
been compared with respect to their performance to compute pac-
ing strategies. In summary, the ACADO Toolkit, written in C++, is
a user-friendly open source software that, however, is not yet tech-
nically mature. Useful functionality such as spectral collocation or
spline interpolation is still missing and the documentation is incom-
plete. For advanced problem setups with real height profiles it was
not possible to obtain reliable results. Nevertheless, as ACADO is still
under active development and offers functionality for closed-loop op-
timal control that has not been tested for our application. It remains
an interesting candidate for the future.

The MATLAB package GPOPS-II is able to handle complex optimal
pacing strategy problems robustly and efficiently as will be shown in
the examples below. In particular the recently added ability to use
automatic differentiation via the ADiGator package, [89], has vastly
improved its performance. The syntax is a bit cumbersome but this
affects only usability. The moderate cost for academic licenses is justi-
fied since the code is fully developed and the documentation is com-
plete.

PROPT is the optimal control part of the commercial Tomlab Opti-
mization Suite which offers various packages to solve many different
kinds of optimization problems and features an intuitive syntax. Nu-
merical solutions to complex problems of our type may be computed
but with detailed height profiles its run-time often exceeds the run-
time of GPOPS-II. The cost for PROPT and other packages of the suite
are substantial.

In summary, GPOPS-II is clearly the most suitable solution for our
specific application. Therefore, we add a few details on its solu-
tion strategy. The software is designed to solve multiple-phase op-
timal control problems using the Legendre-Gauss-Radau quadrature
orthogonal collocation method where the continuous-time optimal
control problem is transcribed to a large sparse nonlinear program-
ming problem (NLP). An adaptive mesh refinement method is im-
plemented that determines the number of mesh intervals and the de-
gree of the approximating polynomial within each mesh interval to
achieve a specified accuracy. The software serves as an interface for
NLP solvers. We use the open-source NLP solver IPOPT. All deriva-
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tives required by the NLP solver may be generated by automatic dif-
ferentiation through the ADiGator package.

7.2 specification of road-cycling model

The numerical solutions for minimum-time pacing strategies differ
significantly depending on the physiological model from Chapter 6

that is used as side constraint. Therefore, we devote a separate section
for each physiological model.

Before specifying these physiological models, in this section, we
specify the mechanical model that is always the same in the subse-
quent sections.

We restate (2.8) in order to collect the exact equations that were
used in the numerical computations in this chapter:

ẋ = qe0.5 (7.1a)

ė + qe0.5 (k1 + mgh′ (x) + k2qe0.5 + k3q2e
)
= ζP , (7.1b)

subject to

x (t)|t0
= 0 and e (t)|t0

= e0 (7.1c)

with

q =

√

2
M

(7.1d)

M = mc + mb +
Iw

r2
w

. (7.1e)

Symbol Value

g 9.81 m/s2

mc 74.4 kg

mb 10.6 kg

Iw 0.30 kgm2

rw 0.335 m

(a) Natural invariants or invariants
that were either measured or ob-
tained from manufacturer infor-
mation adopted from Tables 2.1a,
2.1b, and 2.1c.

Symbol Value

ζ 0.97

k1 4.22 N

k2 76.0 Ns
km

k3 257 g
m

(b) Calibrated invariants as deter-
mined by on-road model param-
eter calibration described Chap-
ter 2. Values are adopted from
Table 3.1.

It remains to specify the slope profile in a representation that is
suitable for the numerical computations. GPOPS-II and IPOPT, re-
spectively, require that the differential constraints and thus the func-
tion dh/dx (x) is differentiable. If we want to make use of automatic
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differentiation, the function may be composed only by basis functions
which are appropriately overloaded in ADiGator.

We consider a simple synthetic and complex real slope profile. Syn-
thetic slope profiles can be defined just by an analytical function that
clearly meets the requirements. We define

dh

dx
(x) = 0.1 exp

(

−0.5
( x

L − 0.3
0.05

))2

− exp
(

−0.5
( x

L − 0.7
0.05

))2

+ 0.04
x

L
, (7.2)

where L = 2000 m is the length of the course.
This slope profile features a moderate constant slope that is super-

imposed by an uphill section in the first half and a downhill section
towards the end. The graph of this slope profile is drawn along with
the numerical results for the optimal pacing strategies in the upcom-
ing sections.

Real slope profiles may be obtained by (differential) gps measure-
ments as described in Section 5.2.

Figure 7.1 depicts the height and slope profile of a cycling course
near the village Pfyn in Switzerland. Differentiating the height func-
tion amplifies the high frequencies present in the signal, i. e. , smaller
bumps and noise in the gps measurement signal that need to be
smoothed out for better convergence properties.

A suitable smoothing method is to approximate the height function
by a cosine series. For this purpose, the height profile is mirrored on
the height axis to obtain a symmetric function that may be sampled
at N equidistant points. These discrete height values then undergo
a discrete cosine transform using MATLAB’s dct-function that deter-
mines the coefficients of the cosine series.

The coarser the sampling is, the more of the high frequency con-
tent of the height signal is aliased into lower frequencies leading to
a smoother result that simplifies the slope profile and reduces the
computing time to find optimal pacing strategies significantly. In the
following, we compute with N = 400 sample points. The graphs of
smoothed slope profiles are drawn along with the numerical results
in the upcoming sections

7.3 constrained total work and maximum power

In [81], we discussed the minimum-time pacing strategy for con-
strained total mechanical work from Section 6.1. Originally in 1994,
Maronski proved a fundamental theoretical result that is often over-
looked in the literature [63]. For a sufficiently long course with mod-
erate slope profile, the minimum-time pacing strategy for cycling has
three phases: (1) a short initial maximum-power phase, (2) a long
constant-speed central phase, (3) and a short final maximum-power
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fore, we may eliminate P by resolving ẇ = −P (t) for P and plug the
right-hand-side into (7.1b) to obtain the dynamical system

fx = ẋ − v = 0 (7.3a)

fv = Mv̇v +
(
k1 + mgh′ (x)

)
v + k2v2 + k3v3 + ζẇ= 0 (7.3b)

on the interval [t1, t2].
Generally for minimum-time problems, the so called running cost

function φ is the constant function φ = 1, since tf =
∫ tf

0 φ dt =
∫ tf

0 1 dt.
In optimal control, to derive the necessary condition for a local ex-
tremum the running cost function is to be augmented by adjoining
the system using the Lagrange multipliers λx and λv

T =
∫ t2

t1

H (x, ẋ, v, v̇, ẇ, λx, λv) dt , (7.4)

where the augmented running cost

H = φ + λx fx + λv fv

= 1 + λx (ẋ − v) +

λv

(
Mv̇v +

(
k1 + mgh′ (x)

)
v + k2v2 + k3v3 + ζẇ

)
(7.5)

is the Hamiltonian. If x (t) is perturbed by some small function δx,
then the resulting change of the augmented performance criterion is

δT =
∫ t2

t1

∂H

∂x
δx +

∂H

∂ẋ
δ̇x dt

=
∂H

∂ẋ
δx

∣
∣
∣
∣

t2

t1

+
∫ t2

t1

(
∂H

∂x
−

d
dt

(
∂H

∂ẋ

))

δx dt , (7.6)

where partial integration has been used. For x to be optimal on [t1, t2],
it is necessary that δT vanishes for any perturbation δx, implying that

δH

δx
=

∂H

∂x
−

d
dt

(
∂H

∂ẋ

)

= 0 (7.7)

on [t1, t2], where δ

δx denotes the functional derivative. Likewise, the
functional derivatives with respect to the other variables must vanish:

δH

δx
=

δH

δv
=

δH

δw
=

δH

δλx
=

δH

δλv
= 0 on [t1, t2] . (7.8)

We compute these derivatives
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δH

δx
= −λ̇x + mgvλvh′′ (x) (7.9a)

δH

δv
= −λx + λv

(

✟
✟Mv̇ + k1 + mgh′ (x) + 2k2v + 3k3v2) (7.9b)

−M
(

✟
✟v̇λv + vλ̇v

)
(7.9c)

δH

δw
= −ζλ̇v (7.9d)

δH

δλx
= ẋ − v (7.9e)

δH

δλv
= Mv̇v +

(
k1 + mgh′ (x)

)
v + k2v2 + k3v3 + ζẇ . (7.9f)

Since (7.9d) vanishes, it follows that λv is a constant. Equation
(7.9b) simplifies to

δH

δv
= −λx + λv

(
k1 + mgh′ (x) + 2k2v + 3k3v2) . (7.10)

We differentiate (7.10) with respect to t and make use of the fact that
(7.9a) vanishes to obtain:

d
dt

(
δH

δv

)

= −λ̇x + λv

(
mgvh′′ (x) + 2k2v̇ + 6k3vv̇

)
(7.11)

= 2λvv̇ (k2 + 3k3v) (7.12)

= 0 . (7.13)

The constant Lagrange multiplier λv cannot vanish since that would
cancel (7.1b). It follows that on unconstrained arcs

v̇ = 0 , (7.14)

i. e., the optimal speed v is constant, or in other words the inertial
force Fkin vanishes so that the pedaling power, discounted by the
chain efficiency factor ζ just compensates the other resistance com-
ponents:

(
Froll + Fpot + Fbear + Fair

)
v = ζP . (7.15)

This result is remarkable since it holds even for varying height pro-
files h′ (x) 6= 0. We denote singular arcs with v = vsing from here.

Once the solution candidate intervals w = 0, w = W, P = 0,
P = Pmax, and v = vsing have been derived the question of how to
string together these arcs arises. The determination of the switching
structure is a major crux in optimal control.

In the special case of cycling on a flat course and starting with zero
speed v0, the sequence can be guessed: P = Pmax ; v = vsing ; P =

Pmin. This sequence reflects the intuitive understanding that at the
beginning one should accelerate as quickly as possible to reach a cer-
tain speed, keep that speed constant for the middle part of the course
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and decelerate at the end, not to waste kinetic energy when complet-
ing the course. Note that a pacing strategy cannot be minimum-time
unless

w|t=tf
= 0 , (7.16)

since otherwise an almost identical trajectory that, however, burns the
very last resources at the end would underbid the time to complete
the course of the first trajectory.

Maronski proposed to enforce a final spurt by fixing the final speed

v|t=tf
= vf (7.17)

to a higher value. He justified this modification by the fact that ex-
cessive exertion causes delayed physiological processes such as the
production of lactic acid in the real human body. The ensuing fatigue
and discomfort should be avoided in earlier stages of a race. With this
modification, the last phase of the switching structure is a P = Pmax

arc instead of the P = Pmin arc.
Baring such simple examples, there is little chance to find solu-

tions with analytic methods. Hence, we seek a numerical solution
computed with GPOPS-II. Figure 7.2 shows the result for the me-
chanical model defined in Section 7.2 with the synthetic slope profile
of (7.2). Since constrained mechanical work is not a very realistic
physiological model, we use this example only to discuss how the nu-
merical solution reflects the properties derived from optimal control
theory and its limitations of the underlying algorithm implemented
in GPOPS-II. We arbitrarily choose W = 50 kJ and Pmax = 350 W. The
switching structure given in the table in Figure 7.2 may be read off
the plot above. In comparison to a flat course, the singular arc in the
middle is interrupted by a maximum power arc around the uphill
section, where the cyclist is not able to produce the power that would
be necessary to hold the speed constant. Conversely, in the downhill
section, the power drops to zero between 1276 m and 1526 m. It is
more economical to save that energy here. Due to the downhill slope
force, the same singular speed is reached after the valley.

However the numerical solution is not perfect. The pedaling power
curve reveals spikes at the discontinuities between phase shifts. This
artifact arises from the fact that the algorithm approximates the so-
lution by a globally smooth function that is composed of piecewise
polynomials. At discontinuities overshoots known as the Gibb’s phe-
nomenon are unavoidable.

A further problem originates from the fact that the control variable
P enters linearly in the system equations (7.1) and (6.2). This was
a convenient property that enabled us to eliminate P in (7.3) to de-
rive the optimality criterion. However, in GPOPS-II it is required that
the dynamical constraints are given in the form of a first-order sys-
tem of differential equations, prohibiting the elimination of P. When
transcribed to an NLP problem, control variable on singular arcs are
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ambiguous in general. There exists another so called chattering solu-
tion that keeps the speed constant while the power oscillates infinitely
fast between maximum and minimum power.

Surprisingly, we have experienced that when parameterizing the
problem using the speed v instead of the kinetic energy e, the solution
GPOPS-II either does not converge at all, or for very simple problems
converges against the chattering solution. This issue remains with the
3-parameter critical power model and we will provide an example
demonstrating this issue in the next section.

7.4 3-parameter critical power model

We extend Maronski’s work, replacing the fixed-work constraint by
the 3-parameter critical power model from Section 6.2. There is little
change required to transfer the derivation of the optimality criterion
on the singular arc. Actually, only w must be replaced by ea and (6.2)
by (6.11) to yield the dynamical system in analogy to (7.3):

fx =ẋ − v = 0 (7.18a)

fy =Mv̇v + k1 (x) v + k2v2 + k3v3 + ζ (ėa − Pc)= 0 . (7.18b)

In fact, on singular arcs the optimality condition gives exactly the
same result again: v̇ = 0, or (7.15), respectively.

If we restrict the pedaling power P by the constant Pmax only as
proposed in (6.13), we find that the switching structure of the optimal
solution on a flat course coincides with that of the previous section.
Again, we have the opportunity to enforce a final spurt by imposing
a fixed terminal speed.

However, if we apply the power constraint that depends on the re-
maining anaerobic resources, the final spurt emerges automatically.
In this case it is impossible to deplete the remaining anaerobic re-
sources completely. Even an all-out effort results only in exponen-
tially decaying anaerobic resources.

In contrast to the previous section, where a positive pedaling power
could only decrease the remaining mechanical work, in the 3-parameter
critical power model, recovery is possible. The path constraint ea ≤

Ea from (6.10) prevents the anaerobic resources from exceeding the
rested state ea = Ea. This constraint may get active and produce
ea = Ea arcs, which plugged into (6.11) yields P = Pc.

A numerical result produced with GPOPS-II for the synthetic slope
profile of (7.2) is given in Figure 7.3. The parameters Pc = 190 W,
Pmax = 1012 W, and Ea = 12225 W are adopted from [17].

The switching structure in the table below the plot may be read
off the power curve in Figure 7.2. The reason why the first hill in
our example is steeper than in the synthetic profile of [17] is that we
wanted to enforce an interior P = Pm arc.
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On closer inspection, one recognizes the ea = Ea-arc that is active
on 390 m–518 m. It is preceded and succeeded by singular arcs, where
the latter has a slightly lower constant speed than the prior. The
singular arcs surrounding the P = Pm arc and the P = Pmin arc have
exactly the same constant speed.

In order to demonstrate the importance of parameterizing the prob-
lem using the kinetic energy, we plot the result of the same problem,
where in the computations the kinetic energy is replaced by the speed
in Figure 7.4. Only the initial speed was chosen to be 0.1 m/s, to avoid
the division by zero in 2.5b, However, this small change should cause
only a negligible deviation in the solution. As it seems that the algo-
rithm never finds a solution that satisfies the maximum mesh error
tolerance, we canceled the algorithm after the same number of mesh
refinements (13) that was necessary to find a solution when ekin was
used.

The result is disastrous. Not even the switching structure can be
guessed from the plot. If the switching structure was known, it could
be used to formulate a multi-phase problem, where the necessary
condition v̇ = 0 could be imposed additionally on those phases that
are singular. This is the remedy proposed in [76].

When investigating a variety of height profiles and parameters, we
sometimes encountered solutions where the correct switching struc-
ture could be guessed. In this case, singular arcs look like the solu-
tion in Figure 7.4 around 1000 m, i. e., the pedaling power chatters
between Pmin = 0 W and Pm, whereas the speed is roughly constant
but also reflects the rapid accelerations and decelerations due to the
chattering pedaling power. This behavior is poison for the spectral
collocation methods, that rely on functions to be piecewise smooth.
In such a situation, the mesh refinement increases the number of
collocation points excessively and blows up the size of the discrete
problem without any benefit.

Singular control problems are particularly malicious for numeri-
cal algorithms, because mathematically indeed the chattering solu-
tion is valid. While for road-cycling a chattering pedaling power is
clearly undesirable, in other applications such as switching electronic
circuits, [78], it is in fact the sought solution.

Regularized Numerical Solution

In order to avoid the Gibb’s phenomenon and discontinuities in the
pedaling power, which may be difficult to follow and physiological
disadvantageous when a cyclist attempts to retrace a precomputed
optimal strategy, the following regularization may be applied:

We introduce the variable Q and the differential constraint

Ṗ = Q , (7.19)
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whereby P becomes a state variable instead of a control variable,
which is Q now. The performance criterion is modified to

t̃f = tf + ε
∫ tf

0
Q2 (t) dt , (7.20)

where ε ∈ R is a small arbitrarily chosen regularization parameter
that governs how strong variations in the pedaling power are penal-
ized. As the control variable Q enters nonlinearly into the problem,
it is no longer singular thus avoiding the aforementioned numerical
difficulties.

For the following numerical results ε = 10−9 was chosen, which
achieves some degree of smoothing while preserving the qualitative
shape of the trajectory and delays the total time to finish the course
only very little.

The result of the optimal strategy for the ε-regularized 3-parameter-
critical power model in Figure 7.5 has the same switching structure
as the original model, Figure 7.3. However the switching times are
slightly different. The total time is almost identical. The smoothing
effect is clearly visible.

In the subsequent Figures, we plot numerical results for the real cy-
cling courses Pfyn, Wachtbüler Hoehe, and Ottenberg, all in Switzer-
land. We use the ε-regularized model with ε = 10−9. For such a small
regularization parameter the smoothing effect is hardly visible in the
graphs. Although good results can be obtained without regulariza-
tion, too, we are cautious due to reports of serious numerical issues
with singular control problems in general, [12].

The most important GPOPS-II settings we used were the mesh tol-
erance of 10−5, automatic differentiation provided by ADiGator, and
the scaling method “automatic-bounds”. Other settings in GPOPS-
II, ADiGator, and IPOPT were left at their default. For simple, rea-
sonable initial guesses, these settings provide robust and plausible
solutions.

The minimum-time pacing strategy for the Pfyn course has a com-
plex switching structure. Between the initial P = Pm arc, that acceler-
ates the cyclist to 7.3 m

s , and 1141 m, three singular arcs, two ea = Ea

arcs and one P = Pmin at a descent from 502 m to 802 m alternate.
From 1141 m to 4133 m three singular arcs with significantly lower

constant speed between only 4.4 m/s and 4.7 m/s dominate. They are
interrupted by a descent where P = Pmin at 2422 m–2572 m and a
minor Ea arc at 2989 m–3032 m. There is a very steep section from
3800 m to 4330 m. Here, the suggested strategy is to save energy on
the preceding low-speed singular arcs so that the cyclist is almost
rested before the maximum slope is encountered. Now, the anaero-
bic resources are consumed rapidly and thus the maximum instanta-
neous pedaling power declines. At 4133 m it has fallen to 315 W and
the cyclist can go on only on a P = Pm arc until x = 4390 m. It may
be assumed that the strategy on this course is particularly important
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since a pronounced descent follows where the athlete recovers up to
80 % of his initial anaerobic resources.

On the following ascent at 4817 m he changes almost instantaneous-
ly from P = Pmin to the final P = Pm spurt that is hold till the end
although there is a short downhill section just 200 m before the target
line.

The 4216 m long course Wachtelbühler Höhe is characterized by a
varying slope dh/dx between 5 % and 10 % most of the time. In the
middle and towards the end, there is a moderate section even with
flat or partly descending slope. The athlete is supposed to fully re-
cover after the first half. The second half includes the steepest section
followed by a temporary partial recovery phase before the resources
deplete and the athlete enters the final spurt.

The gradual ascent up to dh/dx = 10 % on the first 400 m allows
the cyclist to keep his resources filled up on the first 252 m. Then he
sustains a speed of 3.3 m/s for almost 1.3 km. On the following local
peak of the first half his resources are so depleted that he pedals at his
maximum instantaneous power between 1546 m and 1622 m. Subse-
quently, the slope decreases and from 1681 m the athlete may recover.
Between 1795 m and 1942 m the slope is predominantly negative so
that no pedaling at all is required and the anaerobic resources are re-
filled completely. From 1993 m–2456 m the cyclist essentially remains
in his recovered state since the slope fluctuates only around 5 %. The
speed on this section, where three singular- and two Ea arcs alternate
is almost constant at 3.8 m/s. On the last Ea-arc the speed falls down to
2.9 m/s. It follows the steepest hill with a slope peak of dh/dx = 12.6 %
so that only 20 % the original resources remain. After that hill, the
cyclist continues with the same speed in order to recover up to 2/3

at 3251 m. Again a steep hill with 10 % ascent on a length of 250 m
follows where the athlete still keeps his 2.9 m/s and gets exerted until
at 3480 m the final spurt starts and consumes all his power. As the
slope drops remarkably, the speed reaches 7.3 m/s shortly before the
finish line.

The Ottenberg course has a slope of dh/dx = 4–11 % on the first kilo-
meter. Afterwards, it becomes steeper (6–15 % from 1100 m–2400 m).
The subsequent moderate rise causes an interesting interruption of
the final spurt that terminates at 2825 m.

The minimum-time pacing strategy for the Ottenberg is very sim-
ple on the first 2378 m. The athlete is supposed to accelerate from rest
with maximum power up to 2.9 m/s. After the first kilometer he is al-
most rested since the slope decreases little by little. Then, on a short
Ea-arc, the speed drops to only 2.4 m/s that has to be maintained on
this longest and hardest stage until 2378 m. A this point the athlete is
quite exhausted and loses momentum, although he now demands his
maximum instantaneous pedaling power. Even before he completes
2500 m, his resources are emptied. However, the slope drops to his
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Figure 7.9: Shape of the saturation function ψ (z ; Z−, Z0, Z′
0, Z+). The fol-

lowing properties are required: Left limit: limz→−∞ ψ (z) =
Z−, right limit limz→∞ ψ (z) = Z+, center value ψ (Z0) =
1
2 (Z− + Z+), center slope: dψ

dz (Z0) = Z′
0.

absolute minimum of dh/dx = 0.7 % at 2550 m, i. e., he may recover
one forth of his anaerobic resources on a singular arc at 3.7 m/s. Just
83 m in front of the finish line, another steep section with a slope of
13.5 % is waiting. To get over it, it is recommended to do the final
spurt on the last 144 m.

Alternative regularization of 3-parameter critical power model

We present an alternative regularization for the original 3-parametrer
critical power model that we published in [25].

Until today, it is unclear why when using the speed v the nu-
merical solutions tend to converge to the undesired chattering solu-
tion, whereas re-parameterizing the problem using the kinetic energy
seems to produce the desired constant speed arcs quite robustly. In
our publication, we did not test whether the then-version I of GPOPS
using the kinetic energy gives satisfactory results. Instead, we ap-
plied the method of saturation functions and system extension, [46],
and solved the following approximate optimal control problem: One
formulates an unconstrained optimal control problem with the trans-
formed control variable, where

P = ψ
(

P̃ ; 0, 0, 1, Pm
)

(7.21)

with ψ (z ; Z−, Z0, Z′
0, Z+) being a strictly monotonic smooth satura-

tion function as given in Figure 7.9. A good choice for the function
ψ, that was used in [25], is the scaled and shifted hyperbolic tangent
function

ψ
(
z ; Z−, Z+, Z0, Z′

0

)
= Z− +

(Z− − Z+)

2

(
1 + tanh

(
Z′

0 (z − Z0)
))

.

(7.22)



84 minimum-time pacing strategies

To obtain a finite P̃ as a solution, it is necessary to introduce a further
regularization parameter ǫ into the performance criterion

t̃f = tf +
∫ tf

0

ǫ

2
P̃2 dt . (7.23)

Thus, large absolute values of P̃ are penalized, whereby a finite opti-
mal P̃⋆ is found. Note, that Pmin = 0 . P⋆ = ψ

(
P̃⋆
)
. Pm on inter-

vals, where the solution of the exact problem would be a constrained
arc P⋆ = Pmin or P⋆ = Pm, respectively. The solution of the approxi-
mated problem does not contain constrained arcs anymore. The con-
trol variable P̃ enters non-linearly into the system equations (7.1) and
(6.11), prohibiting singular arcs. The optimal pedaling power is a
smooth function of the distance.

Our contribution [26] deals with the computation of an optimal con-
trol law in the vicinity of a precomputed optimal trajectory. The law
tells the cyclist how to continue if he could not perfectly follow the
optimal trajectory. The approach is based on dynamic programming
and used only on very simple synthetic courses such as the course
in Figure 7.10. Due to the curse of dimensionality that comes along
with dynamic programming, we expect that it is not practicable to
apply the method on courses with complex height profiles. Model
predictive control algorithms could be a good choice to realize online
feedback control.

As we made significant progress regarding the computation of op-
timal pacing strategies for complex courses quite recently, [27], we
decided to focus on that topic and not to pursue the question of on-
line feedback control in this dissertation.

7.5 gordon’s exertion model

An analytical treatment of the optimization problem for synthetic and
piecewise constant slope profiles, and a simplified mechanical and
physiological model has been presented in [45]. In particular, the in-
ertia was neglected, which simplifies the optimal control problem to
an ordinary minimization of a multivariate function with side con-
straints. The minimum-time pacing strategy for Gordon’s exertion
model from Section 6.3 has four candidate solutions. As before, if
the upper constraint in (6.20) is active, then eex = Ea, i. e., ėex = 0
and with (6.19) P = Pc, respectively. However, as the exertion rate
approaches infinity for P . Pmax, the anaerobic resources may be
emptied completely. Hence, if the lower constraint is active, then
eex = 0, i. e., ėex = 0 and with (6.19) P = Pc, respectively. Clearly,
P = Pmin as deduced from (6.21) is another candidate solution.

In contrast to the original 3-parameter critical power model, due
to (6.19) the control variable P enters non-linearly into the problem.
Thus, the problem is not singular and we cannot eliminate P as in
(7.3).
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Hence, if no inequality constraint is active on an interval [t1, t2],
then on that interval the optimality criterion must hold. To derive it,
we write down the dynamical system

fx =ẋ − v = 0 (7.24a)

fv =Mv̇v +
(
k1 + mgh′ (x)

)
v + k2v2 + k3v3 − ζP = 0 (7.24b)

fe =ėex −
(Pmax − Pc)(Pc − P)

(Pmax − P)
= 0 . (7.24c)

In analogy to the derivation in Section 7.3, we augment the perfor-
mance criterion by adjoining the system using the Lagrange multipli-
ers λx, λv, and λe

T =
∫ t2

t1

H (x, ẋ, v, v̇, ėex, P, λx, λv, λe) dt , (7.25)

where

H = φ + λx fx + λv fv + λe fe

= 1 + λx (ẋ − v)

+λv

(
Mv̇v +

(
k1 + mgh′ (x)

)
v + k2v2 + k3v3 − ζP

)
+

+λe

(

ėex −
(Pmax − Pc)(Pc − P)

Pmax − P

)

(7.26)

is the Hamiltonian. The necessary condition demands that the func-
tional derivatives vanish. These are

δH

δx
= −λ̇x + k′1 (x) vλv (7.27a)

δH

δv
= −λx + λv

(
k1 + mgh′ (x) + 2k2v + 3k3v2) (7.27b)

−Mvλ̇v

δH

δeex
= −λ̇e (7.27c)

δH

δP
= −λvk0 + λe

(Pmax − Pc)
2

(Pmax − P)2 (7.27d)

δH

δλx
= ẋ − v (7.27e)

δH

δλv
= Mv̇v + k1 (x) v + k2v2 + k3v3 − k0P , (7.27f)

δH

δλe
= ėex −

(Pmax − Pc)(Pc − P)

(Pmax − P)
. (7.27g)

From 7.27c, it follows that λe is a constant and

P = Preg = Pmax −

√

λe

λvk0
(Pmax − Pc) (7.28)

on the interval [t1, t2], which is called a regular arc. It is a general fact
that in contrast to the optimality criterion for singular arcs, which



7.5 gordon’s exertion model 87

0 500 1000 1500 2000 2500 3000 3500 4000

200

300

400

500

distance in m

po
w

er
 in

 W

Figure 7.11: Optimal pedaling power on a course of 4 km length with a con-
stant slope of 1 % (upper curve, blue) and 10 % (lower curve,
red). Pc = 190 W, Pmax = 1012 W and Ea = 12225 J.

was just v̇ = 0 in (7.14), the formula for a regular arc depends on the
co-factors λ(·) and thus has no intuitive interpretation.

Again, we turn towards numerical solutions. In [92, 93], Wolf
solved the continuous optimal control problem that accounts for vary-
ing slopes and mechanical inertia. In this contribution, the state and
control variables as well as the performance criterion were discretized
using the classical method of finite differences and the resulting con-
strained optimization problem was solved with MATLAB’s function
fmincon(), which is part of the optimization toolbox.

Figure 7.11 shows the optimal strategy for a rider on two different
courses with 1 % and 10 % inclination, respectively, from [33] where
the approach was reviewed. Qualitatively, three phases – high power
at the beginning, constant power in the middle part and deceleration
at the end – can be recognized.

Note however, that there is no discontinuity between the initial
high power phase and the constant power phase. In fact both phases
belong to one regular arc only. In contrast to the original 3-parameter
critical power model, there cannot be a final spurt since there is no
maximum instantaneous power candidate solution. Instead, it is nec-
essary that the anaerobic resources are depleted at the end, i. e., an
optimal strategy will always have a terminal Pc-arc.

In [92], Wolf showed that the parameter estimation from Section 6.2
with 4 ramp tests on our ergometer leads to an unrealistic underes-
timation of the performance potential when validated in a time trial.
For this reason, he employed the following procedure: As the athlete
cancels a calibration ramp test in the moment, when he is exhausted,
in theory at that time his anaerobic resources should just have emp-
tied when using the P ≤ Pmax constraint from (6.21) only. From
the ramp test protocol, the exact power P (t) as a function of time is
known. Thus, we may interpret the exertion rate (6.19) as a function
of the unknowns Pc, Pmax, and Ea. For each ramp test, the condition
of empty anaerobic resources at time of exhaustion yields an equa-
tion. Performing several (N > 3) distinguished ramp tests leads to an
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overdetermined equation system. Hence, determining the tree param-
eters such that the sum of squared remaining anaerobic resources at
terminal time is minimized, seems reasonable. As negative resources
are particularly undesirable, one may penalize them further using the
fourth power rather than squares, giving the penalty function

J (Pc, Pmax, Ea) =
N

∑
i=1







e2
a

∣
∣
t=tf

; ea|t=tf
≥ 0

e4
a

∣
∣
t=tf

; ea|t=tf
< 0

. (7.29)

In [92], the parameters were calculated based on i = 1 . . . 4 differ-
ent ramp tests on our Cyclus2 ergometer. Due to limitations of the
ergometer control the ramps were realized by raising the load in 5 W
steps every 3 s, 5 s, 10 s, and 20 s resulting in s1 = 5/3 W/s, s2 = 1 W/s,
s3 = 2 W/s, and s4 = 4 W/s steepness, respectively. All tests started at
a load of Ps = 80 W, thus

Pi (t) = Ps + sit (7.30)

and the subjects were supposed to hold a cadence of 80 rpm all time.
The test ended, when the athlete felt exhausted and could not hold
the preset cadence anymore.

As a result the parameter estimates Pc = 284 W, Pmax = 1074 W,
and Ea = 16487 J were obtained.

Figure 7.12, adopted from [33], presents an example for an opti-
mization of the pacing strategy for a specific cyclist on a simulated
real course (Schienerberg near Radolfzell, Germany). The cyclist first
tried to find the minimum pacing strategy by himself during a free
ride on our simulator (blue, dotted). During that ride only the gra-
dient profile was shown along with the cyclist’s current position on
the course. The pedaling power and the race time were measured.
The final remaining anaerobic resources ea|t=tf

, computed from the
measured power, fell slightly below the theoretical value 0. Using
ea|t=tf

as the minimum and hence terminal value for the anaerobic
resources, we

1. (a) minimized the race time tf while reaching the same deple-
tion level (red, solid) and

2. (b) maximized the terminal depletion ea|t=tf
while fixing the

same race time (black, dashed).

It was possible to reduce the race time in case (a) from 14:09 min to
13:54 min and to raise the minimum and terminal value for ea|t=tf

in
case (b) from -0.18Ea to 0.08Ea.

With the optimized power from (a) the cyclist performed a second
simulator ride keeping the optimal power and speed and succeeded
finishing the course in less time than with the free ride.

In the following, we compute the minimum-time pacing strategies
for Gordon’s exertion model and the same courses and parameters as
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Figure 7.12: Free ride (dotted blue line), maximum terminal depletion
strategy (dashed black line) and minimum-time pacing strat-
egy (solid red line) on the Schienerberg course. Cyclist param-
eters: Pc = 284 W, Pmax = 1074 W, Ea = 16487 J.
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in Section 7.4 for the 3-parameter critical power model and discuss
and compare the numerical results.

For the synthetic course, the numerical result is plotted in Fig-
ure 7.13.

The minimum-time t⋆f as predicted by the exertion model exceeds
the estimation of the 3-parameter critical power model in Figure 7.3
by 2.8 %. The initial power of 359 W is much lower than the 1012 W
of the original model. Similarly on the first climb, the peak pedaling
power reaches only roughly half of the level of the Pm-arc with the
3-parameter model. Overall, there is more variation in the speed,
whereas the pedaling power curve is much smoother.

The switching structure is much simpler for several reasons: Firstly,
the Pm solution candidate and the Psing solution candidate are both
covered by the Preg solution candidate. Secondly, Gordon’s formula
for the exertion rate (6.19) impedes recovery at low pedaling power,
thus making it more difficult to refill one’s resources and enter a Ea

arc. Moreover, coasting and recovering at P = Pmin = 0 W is less
efficient than recovering at a low but positive regular pedaling power
since the exertion rate grows only slowly for P & 0, Figure 6.6. Hence,
a Pmin arc is considered only at very steep descents.

The terminal Pc arc is shorter than the final spurt. It seems a bit
awkward, that until a few meters in front of the finish line, the athlete
could theoretically sustain a high power load as if he was fully rested
and then is forced to switch abruptly to P = Pc.

On the course in Pfyn, Figure 7.14, the model with Gordon’s mod-
ification predicts that the cyclist needs at least 30.1 s (2.8 %) more
than the original model estimates. Qualitatively, the observations co-
incide with those from the comparison on the synthetic course, i. e.,
more variation in the speed, less in the pedaling power and a reduced
initial power to gather momentum from rest.

The number of switches is reduced from 14 to 10. On those three
sections where a Pmin arc was active with the original model, three
local minima in the pedaling power are clearly visible. The ability
to recover is reduced. Nevertheless, two shorter Ea-arcs show up on
the first 1.1 km and the distinct descent is used to refill the anaerobic
resource to at least 44 % of their amount at rest, after they had been
completely depleted after the steepest section before 4.3 km.

The prediction on the course Wachtelbühler Höhe, Figure 7.15, is
12.2 s (1.0 %) slower than with the original model. Again, exertion
and recovery rates are diminished. Therefore the athlete is neither
completely exhausted in the middle, nor does he recover completely
afterwards. After the last steep phase at 3615 m, i. e., 603 m in front of
the finish line, the anaerobic resources touch the zero line for the first
time. Although, there are still two regular arcs to come, the athlete
cannot recover substatially and has to continue with critical power in
that exhausted state for quite a long time.











7.6 4-parameter exertion model 95

With the exertion model on the Ottenberg, Figure 7.16, the optimal
power fluctuates around 200 W. The resources refill only very little
on the moderate section between 600 m and 1100 m, i. e., an Ea-arc
does not appear. Subsequently the resources deplete faster but quite
uniformly. At 2464 m on the steepest section, the athlete depletes his
resources for a moment. On the following gently inclined segment
around 2550 m, he can recover only 11 % of his resources in the rested
state. The final phase where the athlete struggles totally exhausted at
P = Pc to reach the finish line spans 33 m.

In total, the prediction is 4.1 s (0.4 %) slower than the prediction of
the 3-parameter critical power model.

7.6 4-parameter exertion model

In contrast to Gordon’s exertion model, with the 4-parameter exertion
model, a maximum power constrained arc with P = Pm is possible.
Besides, the three constrained solution candidates P = Pmin, r = 0
with P = Pc and r = Ea with P = Pc may occur. For the derivation of
the unconstrained regular solution, we only have to add the parame-
ter α into the term for fe in (7.24), which leads to the optimal power
law on the regular arc

P = Preg = αPmax −

√

αλe

ζλv
(Pmax − Pc) (αPmax − Pc) . (7.31)

Again, this formula depends on the co-variables λe and λv and is
not very useful for interpretation. We turn towards the numerical
solutions.

As expected, the minimum-time pacing strategies computed with
the 4-parameter model lie somewhere between those of the 3-parame-
ter critical power model and Gordon’s exertion model and combine
some of the favorable features of the strategies computed with the
other models. To avoid repetitions, we discuss Figures 7.18–7.20

jointly.

Discussion

With all minimum-time pacing strategies that use the 4-parameter ex-
ertion model, the initial power is significantly larger than with those
strategies that are based on Gordon’s exertion model but is still far
from the maximum available power, which is Pmax at rest.

Similarly, on the first climb of the synthetic course the pedaling
power reaches 606 W (355 W) although almost 800 W would be pos-
sible, where the solution with the 3-parameter model reveals a sig-
nificant P = Pm arc. As the 4-parameter model penalizes a high
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3-parameter exertion 4-parameter

Synthetic 04:53.2 05:01.2 04:52.6

Pfyn 17:47.7 18:17.8 17:54.2

Ermatingen 08:09.3 08:12.5 08:07.1

Wachtelbühler Höhe 21:22.2 21:34.4 21:19.2

Ottenberg 18:04.4 18:08.5 17:57.3

Table 7.1: Total times for all combinations of physiological models and
courses.

pedaling power by the non-linear r (P) relationship, the athlete does
not get into an exhausted state at an early stage of the time-trial.

On the course Wachtelbühler Höhe the P = Pm constraint gets
active only during the final spurt. This spurt is compulsory since
mathematically, r can only approach the zero line asymptotically but
even the smallest amount of remaining resources enforce a maximum
power phase at the end. Otherwise, the trajectory could not be opti-
mal.

On the courses Pfyn and Ottenberg the final spurt is interrupted by
sub-maximal power arcs. This is due to the remarkable intermediate
section shortly before the finish line where the course is almost flat
or the height even declines.

Table 7.1 gives an overview about the total times to complete each
of the courses combined with each of the physiological models. Com-
paring the values of different models for the same course, the val-
ues are quite similar. Using the 3-parameter model as a reference,
the most significant deviation of the total time is the difference of
30.1 s (2.8 %) for the course Pfyn using Gordon’s exertion model. This
model predicts slower optimal pacing strategies than the 3-parameter
model for each course. On average the cyclist needs 1.5 % more time.
The reduction of the exertion rate in the 4-parameter model compen-
sates for this delay, except for the Pfyn course, where tf exceeds the
reference value by 6.5 s (0.6 %). Here, the cyclist needs 0.2 % less time
on average.

7.7 time-trial of two competitive cyclists

In Section 3.4, we saw that for v ≥ 4.05 m/s aerodynamic drag is the
strongest resistance force in the mechanical road cycling model. With
higher speed, its dominance grows even quadratically. For 8.9 m/s,
which is a typical speed in a road cycling time trial, roughly 90 %
of the total resistance force originate from aerodynamic resistance
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[61, 47]. Thus, the greatest potential for advancement in road cycling
speed is attributed to aerodynamics [91].

For this reason, professional cyclists optimize their riding posture
based on field or wind tunnel tests. Recently, computational fluid
dynamics simulations supported by wind tunnel measurements have
led to a more detailed insight regarding both drag and flow field
[35, 36, 37]. In the case of two or several drafting cyclist, the benefit
of slipstreaming is even higher. A detailed study with state-of-the-
art CFD methods, [15], revealed that for a bicycle separation distance
of 25 cm a reduction of 22.9 % in aerodynamic drag for a dropped
position or 13.4 % for a time-trial position is possible.

By incorporating the slipstream effect in the model of a race of
two runners on a flat course, it has been shown, how the trailing
runner can position himself at striking distance behind the other and
when he should start the final sprint, [77]. In [30], we transferred this
approach to cycling on a course of fixed length with real-world height
data. In particular on descents, high speed is involved and increases
the significance of the slipstreaming strategy.

We give a numerical example for the setting when a cyclist with
a weaker aerobic metabolism uses the slipstream effect to save en-
ergy until shortly before the finish line where he passes the stronger
leading cyclist to win the competition. On our uphill courses in the
previous examples, it is difficult to find an illustrative example since
the courses are too short and steeply ascending. Therefore, we choose
the slope profile of a 20 km section of stage 3 of the Tour de France
2013 between Saint-Gildas-des-Bois and Redon that was already used
in [30] together with a simplified road cycling model. However, here
we use the 4-parameter exertion model, developed in Section 6.4 with
the same parameters for the stronger cyclist, who will still lose. His
minimum-time pacing strategy is depicted in Figure 7.21.

Beginning almost flat, the slope profile has a downhill section of
dh/dx = −2.5 % at a distance of x = 565 m. Thereafter, the inclination
rises gradually but with fluctuation up to dh/dx = 1.9 % at a distance
of x = 6257 m. Initially the cyclist is supposed to pedal at 679 W to
accelerate up to 10 m/s. However, with rising slope the optimal speed
declines to 7.5 m/s while the optimal pedaling power is more or less
equal to the critical power of 190 W. Correspondingly, the athlete
remains almost rested.

Then, however an interesting maneuver follows induced by a dis-
tinctive feature of the slope profile. A pronounced downhill phase
with dh/dx = −2.8 % at distance x = 8827 m is followed by the steep-
est piece with dh/dx = 4.6 % at distance x = 9776 m. The suggested
strategy is to consume 3/4 of the anaerobic resources and use the de-
scend to recover completely in order to get over the hill on which
maximum instantaneous power is required for 500 m and for another
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832 m after a very short intermediate dell in the slope. Until roughly
13.4 km the anaerobic resource remain almost depleted.

Several relatively pronounced hills and valleys with slopes between
-4.0 % and 2.7 % are still to follow with corresponding oscillations in
the remaining anaerobic capacity between 544 J and 9864 J. Even a
300 m coasting phase around 18 km emerges. The final spurt starts
at 19.507 m when the maximum instantaneous power is 260 W. He
passes the finish line after 40 min 38.5 s.

The aerobically weaker winner has a slightly lower critical power
Pc = 185 W but a higher anaerobic capacity Ea = 14000 kJ, while the
maximum power Pmax = 1012 W is the same. In case he was alone
on the course with these parameters, he would at least need 40 min
58.5 s, i. e., finish the course 20 s later than his rival.

However, he may try to remain closely behind his contender until
shortly before the finish line using the slipstream effect to continu-
ously save a lot of anaerobic resources. We assume that the aero-
dynamic drag is reduced by the 13.4 % that was measured for the
spacing of 25 cm between the bicycles and the time-trial position in
[15]. Then at some optimal point in time tp he has to pass and con-
sume his remaining capacity in order to maximize his margin to the
loser when finishing. In this final situation the two cyclists do not
affect each other.

Mathematically, this problem can be formulated as a two-phase
problem, with an abrupt change of the dynamics at time tp, which
is a parameter to be optimized explicitly. Figure 7.22 shows the
takeover maneuver on the last km of the race where the optimal
takeover time tp was computed using Matlab’s fminbnd function. In
the first phase

[
0, tp

]
, the trailing cyclist remains at distance β be-

hind the leader, where the deduction of slipstreaming is at maximum.
Hence his speed is exactly the same as the leading cyclist. Then, at
tp = 39 min 22.2 s when he is 500 m in front of the finish line, the
pursuer passes the leader, now consuming his anaerobic resources
rapidly but at first on a regular arc. On the last 400 m he performs
his final spurt with maximum instantaneous pedaling power P = Pm.
In total, he needs 40 min 29.7 s, i. e., 8.8 s less than his rival and
finishes 28.8 s earlier than if he pursued his minimum time strategy
alone on the course.

7.8 conclusion

We successfully computed optimal pacing strategies for road cycling
time trials on courses with complex slope profiles for both limited
mechanical energy and the three bioenergetic endurance models from
Section 6.
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A very important aspect, is that the numerical algorithms converge
significantly better if we parametrize the problem using kinetic en-
ergy instead of speed. We believe that this is due to the scaling of
the discretized optimization problem, which is known to have a seri-
ous impact on the computational efficiency of numerical optimization
problems. Although methods for automatic scaling are integrated in
GPOPS-II, they depend on heuristics and cannot guarantee good be-
havior in general. In addition, the use of the kinetic energy avoids
the singularity with v = 0, which commonly occurs when the cyclists
starts from rest as discussed in Section 2.1.

When using the state-of-the-art methods for numerical optimal con-
trol, implemented in GPOPS-II, even for singular problems a regular-
ization, such as used in our previous publication [25], is not necessary.
The method may still be useful for other singular problems for which
a re-parameterization is not available or does not have such a posi-
tive effect as with our particular problem. However, the reformula-
tion with the saturation function is not trivial and it was not possible
to obtain robust results for complex real height profiles. However,
slightly penalizing power variations reduces the Gibb’s phenomenon
at discontinuities in the optimal power. If even smoother transitions
at these discontinuities are desired, the penalty can be increased.

We have not conducted a serious analysis of robustness and com-
putational speed, but although the regularization introduces another
state into the problem, it is not generally true that solutions are
found slower with regularization than without. Instead, we observed
that without regularization the computational speed may vary signif-
icantly if only the value for one parameter is slightly changed. This
seems to be a numerical effect due to the singularity.

The calibration of the physiological models remains a challenging
task. The principal problem is that fatigue is not directly measurable.
We can only measure the time when an athlete is too exhausted to
continue an exercise or the maximum instantaneous power. How-
ever, maximum instantaneous power does actually not allow to con-
clude exertion rates in the moderate or heavy intensity domain since
the physiological processes differ significantly. Still, our small study
shows that there is potential to improve intuitive pacing strategies.
In particular on courses with complex slope profile at least the power
demand can be computed accurately, whereas a human estimation
based on his impression of the course and slope profile is error-prone.

Our 4-parameter exertion model has an additional parameter to
steer Gordon’s exertion rate for high power demand. This rate is de-
coupled from the maximum power constraint that we adopted from
the 3-parameter critical power model.

Overall, the results meet the expectation that the 4-parameter model
represents a compromise between the 3-parameter model and Gor-
don’s exertion model. Piecewise constant speed was the dominant
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feature of the optimal strategy with the 3-parameter model, whereas
due to the pole at P = Pmax high pedaling power was heavily penal-
ized by Gordon’s model, resulting in only weak power peaks on steep
ascents. The 4-parameter model relaxes both properties leading to a
more balanced variability both in optimal pedaling power and speed.

The example of a time-trial of two competing cyclists shows that
slipstreaming has a significant impact on pacing strategies in cycling.
Similarly, tactics for two or a group of coopering cyclists that stay
ahead of the peloton before they compete in the final sprint phase
may be developed.



8
F U T U R E W O R K

The work of this dissertation is currently continued within the DFG
project “Powerbike: Optimal control in cycling”. In particular the
ideas that concern the refinement and calibration of the physiologi-
cal model, its use for the optimization of pacing strategies, and the
validation thereof originate from the project plan.

The technological advancement has lead to the development of a
variety of mobile sensors that may be mounted on road bicycles. At
the same time, mobile bicycle computers and smart phones with cy-
cling related apps have become more powerful and able to integrate
wireless sensors via the ANT protocol. Some of them already com-
bine data from multiple sensors to obtain model-based estimations
of quantities that cannot be measured directly or with sufficient ac-
curacy. Examples are the fusion of barometric air pressure and gps
to estimate the height/slope or in conjunction with speed measure-
ments even the pedaling power in absence of an expensive crank-
mounted power meter (e. g. Sigma ROX bicycle computer). How-
ever, these approaches could exploit the information of additional
sensors such as anemometers, acceleration sensors or inclinometers
in order to achieve an accuracy that then make a scientific validation
worthwhile. For these purposes, the development of a bicycle app for
scientific purposes on top of an existing open source cycling app is
desirable.

Due to the importance and difficulty of measuring the slope of
a course accurately, we expect that the Galileo GNSS may provide
a better availability of accurate position data in road sections with
obstacles nearby. If even bicycle computers get equipped with that
new technology, slope profiles of further courses will be measurable
with a simpler and more practical technique and sufficient precision.

Regarding our simulator the capabilities of the fast direct brake con-
trol using the RS232 interface has not been exploited, yet. An attempt
to compensate the mismatch of the moment of inertia in particular
when shifting gears led to undesired oscillations and overshoots in
the resistance. Therefore an advanced control algorithm is required
to realize an approximate compensation within a short time interval.

The essential bottleneck regarding individual optimization of pac-
ing strategies in cycling time trials clearly is the physiological model.
Therefore, we seek physiological models that are complex enough to
account quantitatively for as many phenomena as possible under the
restriction that it is possible to calibrate it completely using measur-
able physiological quantities such as respiratory gas exchange, heart

107



108 future work

rate or variability, and lactate. The model shall still have the form
of a constrained dynamical system with the pedaling power P as in-
put variable, measurable quantities (O2 consumption, CO2 produc-
tion, heart rate/variability, and lactate) as functions of internal states
e(·), and a function Pm(e(·)) that defines the maximum available power
as a function of these states.

Depending on the desired and feasible complexity, we consider in-
cluding cadence as the second control variable, since recently it has
been shown in [87] that with maximal sprint cycling, fatigue may
depend on the cumulated contraction cycles.

We believe that among the observation variables, the measurement
of the quantity and kinetics of respiratory gas exchange will be the
most beneficial to refine an individual physiological model because it
allows a continuous and more reliable measurement. Furthermore, it
contains information on both the aerobic and anaerobic metabolism
in all intensity domains (recovery, moderate, heavy, severe, and max-
imal). Therefore, we recently published a dynamical system for oxy-
gen uptake under time-varying load [3].

In future, nonlinear system identification tools may be applied to
develop the model further. Recently, Wiener-Hammerstein models
have gained prominence in bioengineering [90]. They permit general
nonlinear systems to be approximated by cascades of linear systems
and static nonlinearities. The number of cascades is systematically
increased as long as this leads to an improvement of the prediction
error with validation data. In essence, this amounts to an extension
of the methods proposed in [86, 85] from the aerobic to the anaerobic
domain and from running to cycling.

The extension of the physiological model redefines the minimum-
time pacing problem. We have seen that parameterizing the problem
by kinetic energy instead of speed improves the convergence vastly.
Similarly, care must be taken when the internal states of the physio-
logical system are defined. Possibly, more advanced relaxation meth-
ods are required to enable and improve convergence. In the context
of mathematical programming such techniques are conceptually di-
vided into the three branches: smoothing, regularization, and penalty
techniques.

In case the results are unsatisfactory, it may help to firstly solve
a simplified problem and then either use the result as initial guess
for the complete problem or to use continuation methods to pursue
the solution of the simplified problem to the complex one, [22]. An-
other option is to resort to iterative dynamic programming and seek
piecewise constant or piecewise linear pedaling power solutions, [62].
Moreover, combinatorial optimization methods such as simulated an-
nealing or generalized local search machines (GLSM) may be a practi-
cal approach providing suboptimal yet sufficiently good solutions. In
particular, GLSM are known to be applicable for hybrid problems that
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involve both continuous and discrete solution components, which is
the case here, [52].

Our bicycle simulator is already capable of showing the open-loop
optimal strategy to the athlete as a virtual second rider that has to be
followed. But an athlete cannot always follow exactly a strategy that
is at the limit of his physical capacity. Moreover, physiological mea-
surements can be taken during the actual trial and indicate changes
of the optimal strategy instantaneously since the actual physiological
state during the trial will always differ from the one estimated by the
model based on previous calibration tests.

In this situation it is unclear how to continue optimally. A closed
loop feedback control, where the desired power is given in terms
of the states is desirable for practical use. Receding horizon control
methods could be an appropriate choice to solve this problem [40]. If
the deviations are small, it could be sufficient to linearize the model
around the open-loop optimal trajectory and to approximate the time
to be minimized by a Taylor-expansion up to the second variation.
Thus, we obtain a linear quadratic regulator (LQR) problem which
can be solved in closed form and represents a suboptimal closed-
loop feedback control in the vicinity of the static and precomputed
optimal trajectory. The online calculation of such adapted optimal
controls is computationally cheap and should be applicable even on
the aforementioned scientific bicycle app on a mobile device since
ultimately pacing strategies must be validated outdoors, too.

Regarding the validation of optimal pacing strategies it is straight-
forward to compare the times when the same cyclist follows an opti-
mal strategy to the time when he paces himself. Alternatively, after a
cyclist has finished a course pacing himself, one can fix the measured
time and compute the pacing strategy that minimizes the exertion.
If the cyclist is able to follow the resulting strategy, a comparison of
physiological measurements during both rides would give additional
information about the usefulness of the optimization.

In summary, the whole system shall indicate and train effective
tactics that enable cyclists to optimally prepare even for unfamiliar
courses.
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